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HUONG DAN SU DUNG SACH

Moi bai hoc trong sach Toan 12 thudng cé cac phan nhu sau:

@ Gagi ma, két n6i ngudi hoc vao chi dé bai hoc.
Hoat dong khéi dong

U 4
Hoat dong kham pha

-~ e
. ~

Ggi y dé ngudi hoc tim ra kién thiic mai.

E3 NGi dung kién thiic can linh hoi.
Kién thic trong tam
Q Cac bai tap co ban theo yéu cau can dat.
Thuc hanh
@ Ung dung kién thuic dé gidi quyét van dé.
Van dung

Hay bao quan, giit gin sich gido khoa dé danh ting cac em hoc sinh 16p sau!



Loi néi dau
Sach Todn {2 thudc bo sach gido khoa Chdan troi sang tao dugc bién soan theo Chuong trinh
gido duc pho thong ndm 2018 ctia Bd Giado duc va Pao tao.
Céu truc sach Todn 12 dugc chia thanh hai tap.
Tap hai bao gdbm ba chuong:
Chuwong IV: Nguyén ham. Tich phan.
Chwong V: Phirong trinh mdt phang, dwong thang, mdt cau.
Chuwong VI: Xdc sudt c6 diéu kién.

Pau mbi chuong déu c6 néu rd cac kién thirc co ban s& hoc va cac yéu cau can dat cia chuong.
Céc bai hoc déu xdy dung theo tinh than dinh huéng phat trién nang luc va thuong dugc théng
nhét theo cac buéc: khdi dong, kham pha, thuc hanh, van dung. Sach sé tao nén mdt moi truong
hoc tap va giang day twong tac tich cyc nham dam bao tinh dé day, dé hoc dong thoi hd tro cac
phuong phép giang day hi¢u qua.

Noi dung sach thé hién tinh tich hop, gin bo mon Toan véi cac mon hoc khac. Nhimg hoat dong
trdi nghiém dugc tang cuong gitp nguoi hoc cé thém co hdi van dung Todn hoc vao thuc tién,
dong thoi tng dung cong nghé thong tin vao viéc hoc Toan.

Chung t6i tin tudng rang v4i cach bién soan nay, sach giao khoa Todn 12 s& hd trg quy thay,
c0 gido mat cach tich cuc va hi¢u qua trong qua trinh day hoc, dong thoi gitip cac ban hoc sinh
htrng tht hon khi hoc tap bd moén Toan.

Rat mong nhan duoc su gbp ¥ cua quy thay, cd gido va cac ban hoc sinh dé sach duoc ngay cang
hoan thién hon.
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Phin| moT 6 YEU TG GIAI TiCH

« 11" NGUYEN HAM. TICH PHAN

Nguyén ham va tich phan I3 hai khai niém toan hoc cho phép biéu thi va tinh toan nhiéu dai lugng khac nhau
xuat hién trong khoa hocva cuéc song.

Trong chuong nay, chiing ta sé tim hiéu vé hai khai niém néi trén va mét so tinh chat co ban cla chiing, vin dung
chiing dé€ giai mét sé bai toan thuc tién lién quan dén nhiing dai lugng quen thuéc nhu dién tich, thé tich, quang dudng
chuyén dong, ....

qua trinh do.

Hoc xong chuong nay, ban c6 thé:

- Nhan biét dugc khai niém va tinh chat ca ban ctia nguyén ham.

- Xac dinh dugc nguyén ham ctia mét s6 ham s6 so cap; tinh dugc nguyén ham trong
nhiing trudng hop don gian.

- Nhan biét dugc khai niém va cac tinh chat cla tich phan; tinh dugc tich phan trong
nh{tng trudng hop don gian.

- S dung dugc tich phan dé tinh dién tich hinh phang, thé tich hinh khéi va giai quyét
nhirng bai toan lién quan dén thuc tién.

_/




Bai 1. Nguyén ham

Tirkhoa: Nguyén ham.

Khi dugc tha tir 6 cao 20 m, mét vat roi
véi gia toc khéng ddi a = 10 m/s2. Sau khi
roi dugc t gidy thi vat 6 téc do bao nhiéu
va di dugc quang duong bao nhiéu?

1. Khdi niém nguyén ham
,@ S0 Tt SoN (o) =20 e AR rom IR Tt oD Bt 0 () a0 o il o) = ).

Ki hi¢u K 1a khoang hodc doan hodc nira khoang cua R.

¥ Cho ham sb f(x) xac dinh trén K. Ham s6 F(x) duoc goi 1 nguyén ham cia ham sb f(x)
trén K néu F'(x) = f(x) véi moi x thudc K.

Vi du 1. Chting minh rang:

a) F(x) = 5x + x* 1a mot nguyén ham cta ham sé f(x) = 5 + 2x trén R.

. 1
b) G(x) = tanx la mét nguyén ham cua ham s6 g(x) = —— trén (—E;Ej.
cos” x 22

Gidi
a) Ta co F'(x) = (5x + x%)' = 5 + 2x = f(x) voi moi x thudc R.

Viy F(x) 1a mdt nguyén ham ctia ham sb f(x) trén R.

= g(x) véi moi x thudc

VA

)

b) Ta cé G'(x) = (tanx)' = -
c

0s’x

ORI

b

Viy G(x) 1a mdt nguyén ham ctia ham sd g(x) trén (—

ORI
NN

.
2 2
,Q} Cho ham sb (x) = 3x* x4c dinh trén R.
a) Chung minh rang F(x) = x* 12 mot nguyén ham cua f(x) trén R.
b) V6i C 1a hang s6 tuy y, ham sé H(x) = F(x) + C ¢6 la nguyén ham cua f(x)
trén R khong?
¢) Gia sir G(x) 1a mot nguyén ham cua f(x) trén R. Tim dao ham cta ham s6 G(x) — F(x).
Tir d6, c6 nhan xét gi vé ham sé G(x) — F(x)?



Téng quat, ta co:
Q Cho F(x) 1a mot nguyén ham cua ham s f(x) trén K. Khi do:
e V6i mdi hang s6 C, ham sé F(x) + C 1a mot nguyén ham cua f(x) trén K;
e Néu G(x) 1a mot nguyén ham ctia ham s £ (x) trén K thi ton tai hang s6 C sao cho
G(x) = F(x) + C v61 moi x thudce K.
Nhu vdy, moi nguyén ham ctia ham sb f(x) trén K déu c6 dang F(x) + C, v6i C 1a mot
hang s6. Ta goi F(x) + C, C € R la ho tat ca cac nguyén ham cua f(x) trén K, ki hi¢u
[ £(odx vaviét
j F(x)dx=F(x)+C.

Chu y: Biéu thirc f(x)dx goi Ia vi phan ctia nguyén ham F(x) ctia f(x), ki hiéu la dF(x).
Vay dF(x) = F'(x)dx = f(x)dx.
Vidu 2. Tim:

1
a) Ixzdx trén R; b) I ——dx trén (0; 7).
sin” x

Giai

3 3
x —_
a) Vi (?) = x%, v6i moi x thudc R nén F(x) = x? 12 mot nguyén ham cua x* trén R.
x3
Vay Ixzdx =3 + C trén R.

b) Vi (—cotx)' =

—— vOi moi x thudc (0; ) nén F(x) = —cotx la mot nguyén ham cua
sin” x

1

sin® x

trén (0; ). Vay [ dx = —cotx + C trén (0; ).

sin’ x

Chiy:
a) Moi ham s6 £(x) lién tuc trén K déu c6 nguyén ham trén K.

Bai toan tim nguyén ham cia mot ham s6 ma khong chi ro khoang K thi dugc hicu la
tim nguyén ham trén tirng khoang xéc dinh ctia ham so do.

b) Tt dinh nghia nguyén ham, ta cé I f'(x)dx =f(x) + C.

@j Chutng minh rang F(x) = ¢* "' 1a mot nguyén ham cta ham s6 f(x) = 2e* ' trén R.

7



2. Nguyén ham ctia mét sé ham sé so’ cdp

Nguyén ham cia ham sé luy thira

() ) Giaithich tai sao [0dy = Cva [I1dv =x+C.
3

a+l

b) Tim dao ham cta ham s§ F(x) = x+1 (0% -1). Tirdo, tim [x"dx.
o
T}‘I '(?;,tac():
’Q~ xu+1
e |0dx=C; e |ldx=x+C; O 6= #-1).
J J o SEE )
Chii y: Nguosi ta thuong viét [ dx thay cho [1dx.
1
Vidu 3. Tim: a) | x°dx; b) | —dx.
; ) | ) | N
Gidi
6 _1 7 b 1 _ w E 5 _
a)J.xdx—;x—%C, b) J.de—‘[x 2dr =2x? +C =2/x +C.

{&2 Tim: a) [x'd; b | %dx; ¢) [xdx.

Nguyén ham cia hamsé y = 4
X
j \4 Cho ham s6 F(x) = In |x| v&i x # 0.
1
a) Tim dao ham ctia F(x). b) Tir do, tim | —dx.
X

‘;1‘1 ,Q,tacé:
-

jldx=1n|x|+c.
X
. 1
Vidu 4. Cho ham s0 f(x) = — voi x # 0. Tim nguyén ham F'(x) cua f(x) thoa man F(-2) = 0.
X
Gidi
1
Taco [—dx=1Inlxl+C nén F(x)=In|+ C (x #0).
X

Do F(-2)=0nén In]-2|+ C=0hay C=-In2.
Vay F(x)=In|x| —In2 (x # 0).



Nguyén ham cia mét sé ham sé lugng giac

C? a) Tim dao ham cta cac ham sb y = sin x, y =—cos x, y = tan x, y = —cot x.
1 1

b) Ttr do, tim | cosxdx, |sinxdx, dx va |— dx.
) I J- jcoszx J.smzx
Tu ,@,tacé:

'= . .

. Icosxdx =sinx+ C; . Ismxdx & s OSPEHIE

1
-j >—dx =tanx + C; 0_[ ——dx =—cotx + C.
cos” x sin” x
Vidu 5. Tim JZsinfcosfdx.
2 2
Giai

J'2sin£cos£dx:jsinxdx:—cosx+C.
2 2

Tim nguyén ham F (x) cia ham s (x) = cos x thoa man F(0) + F (gj =0.

Q)

Nguyén ham cia ham sé mii

X

\ \ g Py A a .-
) a) Tim dao ham cta cac hAm so y = €', y = voia>0,a#1.

Ina

b) Tirdo, tim [e'dx va [a*dx (a>0,a#1).

(<))

' 4

L = .
iIki: ,Cg,taco.

. -~

-Ie”dx=ex+C; -Ia"dx= a (@a>0,a=+1).
Ina

Vi du 6. Tim nguyén ham F (x) ctia ham sd f'(x) = 2* thoa mén F(0) = 1.

Gidi
. . 2X R X
Ta cé IZ dx = +C nén F(x)= +C.
In2 In2
L2 1 1
DoF(0)=1nén —+C=—+C=1 hay C=1-——.
In2 In2 In2
2" 1
Vay F(x)= +]——-.
dy F(x) In2 In2

Ql‘ Tim: a) _[3"dx; b) J.ezxdx.




3. Tinh chéat co ban ciia nguyén ham

Nguyén ham ctia tich mét s6 véi mét ham sé
3

,Q Ta c6 [%j '= x* va () = 3x%
a) Tim szdx va 3Ix2dx.
b) Tim [ 3x°dx.
¢) Tir cac két qua trén, giai thich tai sao I3x2dx = 3I x’dx.

Trong trudng hop tong quat, ta co:

[ s (xydx = k[ £ (x)dx, véik € R, k#0.

Vidu7. Tim:

3x71
2

dx.

2) J-2s;nxdx; b)j

Giai

a) stmxdx=gjsinxdx=—zcosx+c;
3 3 3

3)6
6In3

+C.

S I e Ny
b) | : dsz.[?dx:gP dx =

QS Tim: a) j(— cosxjdx; b) J.22x+1dx.

4

Nguyén ham cta téng, hiéu hai ham sé
3

3 1 1
,Cg Ta c6 [%j =x’, () =2x va (%+x2j =x +2x.

a) Tim [¥’dx, [2xdx va [xdx+ [ 2xdx.

J,

b) Tim [ (" +2x)dx.

¢) Tir cac két qua trén, giai thich tai sao I(x2 +2x)dx = J. xidx+ J.2xdx.

Trong trudng hop tong quat, ta co:
W

* “f(x)+g(X)]dx =ff(x)dx+jg(x)dx;
e [/ -g)]de=[ £ dx [ g(@) .

B 0



Vidu 8. Tim nguyén ham cua cac ham so sau:

4
a) f(x) =3cosx——; b) g(x) = (2x + 1)".
g Gidi
a)_[(3cosx—ijdx:3J.cosxdx—4‘|.ldx=3sinx—4ln|x|+C;
x x

b) j(2x+1)3dx=j(8x3+12x2+6x+1)dx=8jx3dx+12jx2dx+6jxdx+j1dx

=2x*+4x* +3x*+x + C.

@ Tim: a) j[ﬁ%%}dx(xm); b) J( B | de,

cos’x sin’x
Vidu 9. Tra 101 cau hoi trong @ (trang 6).
Gidai
Ki hiéu v(7) 1a toc d6 cua vat, s(f) 1a quing dudng vat di dugc cho dén thoi diém ¢ gidy
ké tir khi vat bét du roi.
Vi a(f) = v'(f) nén
v(t)=[a()dr=[10dr =10¢+C.
Taco
| iVi)v(O) =0nén 10.0 + C=0hay C=0. Vay v(¢) = 10¢ (m/s).
Vi v(t) = 5'(f) nén
s(0)=[v(ydt = [100de =57 + C.
13,64 [—@S(O) —0nén5.0°+ C=0hay C=0. Vay s(¢) = 57 (m).
Vit roi tir o cao 20 m nén s(¢) <20, suyra0<¢ < 2.
Vay sau khi vat roi dugce ¢ gidy (0 < ¢ < 2) thi vat co tbe do v(t) = 10 m/s va di dugc
quang duong s(¢) = 5 mét.
"9 Mot 6 t6 dang chay voi tbe d6 19 m/s thi him phanh va chuyén dong cham dan véi
' tdc d6 v(7) = 19 — 2¢ (m/s). Ké tir khi ham phanh, quing duong 6 t6 di duoc sau 1 gidy,
2 giay, 3 giay la bao nhiéu?

BAI TAP

1. Tinh dao ham ctia ham s6 F(x) = xe*, suy ra nguyén ham ctia ham sb f(x) = (x + 1)e".

2. Tim:
a) [xdx; b) | %dx(x >0); o) [7dx; d | S—idx.
X

3. Tim nguyén ham F(x) ctia ham sb f(x) = — 12 thod man F (g) =1.

Sin- x
4. Tim:
)
a) [(2x°+3)dv;  b) [(Scosx—3sinx)dx; ©) j(%—%]dx; d) j(e —SinszdX-

_




5. Tim:
Lo X oo
a) Jx(2x—3)2dx; | b) Ismz de; c) jtanzxdx; ‘ d) J-23 3 dx ‘
6. Ki hi€u / (x) 1a chi€u cao cia mdt cady (tinh theo mét) sau khi trong x nam. Biét rang sau
nam dau tién cay cao 2 m. Trong 10 ndm tiép theo, cay phat trién voi toe d A'(x) = i (m/nam).
a) Xac dinh chiéu cao cta cdy sau x nam (1 < x < 11).
b) Sau bao nhiéu nam cay cao 3 m?

7. Mot chiéc xe dang chuyén dong véi toc do v, = 10 m/s thi ting téc véi gia toc khong doi
a =2 m/s%. Tinh quang duong xe d6 di duoc trong 3 gidy ké tir khi bat dau ting tdc.

Bai 2. Tich phan

Tukhoa: Hinh thang cong; Tich phan; Can tich phan; Biéu thiic dudi dau tich phan;
Ham s6 du6i dau tich phan.

@ Mét 6 t6 dang di chuyén véi toc dd 20 m/s
thi ham phanh nén tdc d6 (m/s) cia xe
thay ddi theo théi gian t (gidy) dugc tinh
theo cong thiic

v(t)=20-5t(0<t<4).

K& tir khi ham phanh dén khi dirng, 6 t6
di dugc quang duong bao nhiéu?

1. Dién tich hinh thang cong

() Chohamsby=/(x)=x+1.Véimdix> 1, ki hicu S(x) A
’ 1a dién tich cta hinh thang gi6i han boi d6 thi ham s6 T3 I & q
y =£(x), truc hoanh va hai duong thang vuong goc vai 1 /
Ox tai cac diém c6 hoanh d6 1 va x. AL
a) Tinh S(3). | / ()
b) Tinh S(x) véi moix > 1. —1/ r:
O 1 SHCR -5

¢) Tinh S'(x) va so sanh véi f(x). Tt d6 suy ra S(x) la
mot nguyén ham cuia f'(x) trén [1; +o0).

d) Cho F(x) 1a mot nguyén ham ctia ham s6 /(x). Chimg to
rang F(3) — F(1) = S(3). Ttr 46 nhan xét vé cach tinh S(3)
khi biét mot nguyén ham cua 1 (x).



Trong ,®, ta thiy dién tich S(3) c6 thé tinh dugc thong qua mot nguyén ham bat ki cua
ham s y = £ (x). Ta s& mé rong két qua nay cho trudng hop dién tich hinh thang cong.

O:

Cho ham sb y= f(x) lién tuc va khéng am trén doan [a; b]. Hinh phang giéi han
boi d6 thi ham sb y = f(x), truc hoanh va hai duong thing x = a, x = b dugc goi la

hinh thang cong.

Ta s€ dua ra cong thure tinh dién tich S cta hinh thang cong nay.
Ki hiéu S(x) 1a dién tich hinh thang cong gidi han boi dd thi
ham sb y= f(x), truc hoanh va hai duong thang vudng goc véi
truc Ox tai cac diém c6 hoanh dd 13 a va x. Ta duoc ham s
S(x) xac dinh trén doan [a; b].

Tong quat két qua ctia ,@ ¢, ngudi ta chirmg minh dwoc rang;

yl

y=fx)

S| s

=Y

bY; b
Hinh 2

S(x) 1a mot nguyén ham cta ham s f(x) trén doan [a; b].

Gia stt F(x) 1a mot nguyén ham cua f(x) trén [a; b]. Khi d6, ton tai hang s C sao cho

S(x)=F(x) + C. Vi S(a) =0 nén F(a) + C=0hay C =-F(a).

Tir do, S = S(b) = F(b) + C = F(b) — F(a).

Vay ta c6 két qua sau:

Néu ham s y=f(x) lién tuc va khong 4m trén doan [a; 5] thi dién tich S cta hinh thang cong
gi6i han boi d6 thi ham s6 y=£(x), truc hoanh va hai duong thang x = a, x = b dugc tinh boi

S=F(b) - Fla),

trong d6 F(x) 1a mot nguyén ham cuia f(x).

Vi du 1. Tinh di¢n tich hinh thang cong gidi han bdi
d6 thi ham s6 y= f(x) = 2 — x*, truc hoanh va hai dudng
thang x = —1, x = 1 (Hinh 3).

Gidi
Ham s6 y=f(x) = 2 — x* lién tuc, duwong trén doan [—1; 1]

x3

va c6 mot nguyén ham la F(x) = 2x — 3

Do d6, dién tich hinh thang cong can tim la

1 1 10
S=F(1)-F(-1)= [2—§j—(—2+§j_?

@j Tinh dién tich hinh thang cong gi6i han boi d6 thi
ham sb y = f(x) = €', truc hoanh, tryc tung va duong
thang x = 1 (Hinh 4).

Hinh 4




2. Khai niém tich phan

,O Cho ham sb f (x) = 2x — 1. Lay hai nguyen ham tuy y F(x) va G(x) cua f(x), roi tinh
F(3) — F(0) va G(3) — G(0). Nhan xét vé két qua nhan dugc.

Cho 1'(x) 12 ham s lién tuc trén doan [a; b]. Gid sit F(x) va G (x) 12 hai nguyén ham cua /' (x)
trén doan [a; b]. Khi d6, G(x) = F (x) + C véi hang s6 C nao d6. Do do,

G(b) - G(a) =F(b)+ C—[(F(a) + O)] = F (b) - F(a).
Nhu vay, hiéu s6 F(b) — F (a) khong phu thudc vao viéc chon nguyén ham F(x) caa f(x).

¥ Cho ham s6 f(x) lién tuc trén doan [a; b]. Néu F(x) 1a mot nguyén ham cua f(x) trén doan

b
[a; b] thi hiéu sb F(b) — F(a) goi 13 tich phén tix a d&n b cia ham s f(x), ki hiéu j f(x)d.
Hiéu s6 F(b) — F(a) con dugc ki hiéu 1a F(x) |i J

Vay [ f(x)dx=F(x)[, = F(b)~F(a).

b
Ta goi I 1a déu tich phan, a va b 1a can tich phan, a 1a can dwoi, b 1a can trén, f(x)dx 1a

biéu thirc dwdi dau tich phdn va f(x) 1a ham s6 duwéi dau tich phén.
Chuy:
a) Trong truong hgp a = b hodc a > b, ta quy udce

a b a
[feode=0va [ f(x)de=—[f(x)dx.
a a b
b) Nguoi ta chirng minh dugc rﬁng, tich phan chi phu thudc vao ham $6 fvacaccana, b
b b
ma khong phy thudc vao bién s x hay 7, nghia la I f(x)dx = I f(0)de.

¢) Y nghia hinh hoc ciia tich phén

Néu ham s6 y = f(x) lién tuc va khong am trén doan [a; b] V4 y=f(x)
b
thi J f(x)dx la dién tich S cua hinh thang cong gidi han
a S
boi do thi ham s6 y = f(x), truc hoanh va hai duong thang  — L —
x=a,x=b. Hinh 5
Vay

S = i £ (x)dx.

—



Vidu 2. Tinh céc tich phan sau:

2 B %
1

a) | xdy; b) [-dr; o) [ cosxdr.

! [ f

2
Gidi

2 e 2 1 7 1

Fdv=" ==(2'-1)=—; b) [-dt=Int =lne—-Inl=1;
a) ! 3 3( ) 3 ) -!t .

K : = T T
c) Icosxdx:—jcosxdx:—(sinx)h —= sin——sin(——j = 2.

T n ) 2 2

z _n
Chay:

a) Néu ham sd f(x) c6 dao ham £'(x) va f'(x) lién tuc trén doan [a; b] thi

J(b)~fl@)=] /'(x)dx.

b) Ta di biét rang, dao ham cia quing dudng di chuyén theo thoi gian bang téc do cua
chuyén dong tai mdi thoi diém (v (¢) = 5'(7)). Do d6, néu biét toc do v(¢) tai moi thoi diém
t € [a; b] thi tinh dugc quing duong di chuyén trong khoang thoi gian tir a dén b
theo cong thurc

s=s(b)~s(a) = [ v(®)dz.

Luu y: Tc 6 chuyén dong v (¢) ludn nhan gia tri khong am.
Vidu 3.
a) Tinh quing duong xe di chuyén tir khi hdm phanh dén khi dimg trong tinh hudng
& (») (trang 12).
b) Tinh tdc d6 trung binh cia xe trong khoang thoi gian do.
Gidi
a) Xe dung khi v(#) =20 —-5¢=0hay =4 (v(t) =20 — 5¢ > 0 v6i moi ¢ € [0; 4]).
Tir d6, quing duong xe di chuyén tir khi bat ddu ham phanh dén khi ding 1a

4 4 5t2 &
5= jv(z)dz = j(20—5t)dz = (20:—7] =40 (m).
0 0 0
b) Tdc do trung binh cua xe trong khoang thoi gian d6 1a:
s 40
Vg = Z = T =10 (m/s)
1

Nhén xét: Cho ham sb f(x) lién tuc trén doan [a; b]. Khi d6

b
; j £(x)dx duoce goi 1a
—d

gia tri trung binh cta ham s f(x) trén doan [a; b).

15



@2 Tinh céc tich phan sau:

a) i2x dx; b) ]Esintdt; c) T e"du.
1 0 0
Sau khi xut phat, 6 t6 di chuyén voi toc do
v(t)=2t—-0,03£2 (0<£<10),
trong d6 v(¢) tinh theo m/s, thoi gian ¢ tinh theo gidy vé6i ¢ = 0 1a thoi diém xe xuat phat.
a) Tinh quang duong xe di dugc sau 5 gidy, sau 10 gidy.

b) Tinh tdc d6 trung binh cia xe trong khoang thoi gian tir £ = 0 dén ¢ = 10.

3. Tinh chat cta tich phéan

Tinh chat 1

2
'O\?’ a) Tim mot nguyén ham F (x) ciia ham s6 /' (x) = 6x°. Tir d6, tinh /= I6x5dx.
0

2
b) Tinh J = [ x*dx.

0

¢) C6 nhan xét gi vé gia tri ctia 7 va 6J?

Tur '@, mot cach tong quat ta co:

0

Cho ham s6 y = f(x) lién tuc trén doan [a; b], k 1a s6 thuc. Khi d6:

ikf(x)dx = kj £ (x)dx.

Vi du 4. Tinh céc tich phan sau:

2 4 s 3 )
a) | —dx; b dx; ¢) | 277 dx.
)! F )~,[3sin2x )Z[

7
Giai

2 2 2
2) J‘dex:lj‘x%dx:l.ixfl‘f:_l.l :—l(l—lj:l;

IR 4 1 4%, 42 8

2 =z(cot2—cotﬁj=z(0—l)=—z;
7 3 3

2 4

PR 21 1 2
b)l a dx=—§£sm2xdx=—§(—cotx)
4 4

2 2 2 2x
¢) [27dx= 272 dr =82 dx =8 =
0 0 0

8
=—(U4-1)=—
In2 ( )

2
24
In2 In2

0



% Tinh céc tich phan sau:

a) [4x'dx; b) lex : o | .

Tinh chat 2

,Q a) Tim mot nguyén ham F(x) ctia ham sd £ (x) = x> + ¢'. Tur 46, tinh I(x +e")dx.
b) Tinh jx dx + j

¢) Co nhan xét gi vé hai két qua trén?

Tu ,C?‘ , mOt cach téng quat ta co:
. Cho hai ham s6 y = f(x), y = g(x) lién tuc trén doan [a; b]. Khi do:

j [£(0)+g(x)]dx j S(x)dx+ j g(x)dx;

[[£()-g(x)]dx j f(x)dx— j g(x)dx.

Vidu 5. Tinh céc tich phan sau:

cos’x sin’x

(L

a) j(3x2 —8x)dx; b)

Ala—uwa

Giai

a) j(3x2 —8x)dx = j3x2M—j8xdx:3jx2dx—8jxm
-1 -1 =l r —

A5 5

(-

2

= [2° - 1Y - 42— (19 = =3;

-1

o= (tanx)| +3 (- cotx)|3

cos’x sin’x sin® x

o
~
B[R —w ]

(\/5—1)—\/5[%—1}2\/3—2.




I~

Vi du 6. Tai mot nha may, goi C(x) 1a tdng chi phi (tinh theo triéu ddng) dé san xuit x tan
san phim A trong mot thang. Khi d6, ddo ham C'(x), goi 14 chi phi can bién, cho biét tbe do

)0 / gid ting tong chi phi theo lugn ;m san pham dugc san xuat. Gia sir chi phi can bién
finh theo triéu dong trén tin) cia nha may duoc wéc luong boi cong thire
C'(x) =5 - 0,06x +0,00072x> v6i 0 < x < 150.
Biét rang C(0) = 30 triéu dong, goi 1a chi phi ¢d dinh. Tinh tong chi phi khi nha may
san xuét 100 tdn san pham A trong thang.
Gidi
Ta co: 100 100
C(100) — C(0) = j C'(x)dx = J. (5-0,06x+0,00072x)dx
0 0

100 100 100

=5j dx—0,06jxdx+0,00072jx2dx
0 0 0

100
0

00 100
=5x]," =0,03x7| " +0,00024x’| "~ = 440.

1

0

Suy ra C(100) = C(0) + 440 = 30 + 440 = 470 (triéu dong).

Vay khi nha may san xuat 100 tdn san phim A trong thang thi tong chi phi 13 470 triéu dong.

ai Tinh céc tich phan sau:

a) jx_ldx; b) I(stng)dx; c) j(x—2)2dx+j(4x—x2)dx.

'6‘9‘2 Tai mdt nha may san xuét,m(f)t loai Rhﬁn bon, goi P(x) la lgi nhuan (tinh theo tri€u déng)
thu duoc tr viéc ban x tan san pham trong mot tuan. Khi d6, dao ham P'(x), goi la
loi nhuén can bién, cho biét tdc d6 ting loi nhuan theo luong san phdm ban dugc. Gia sir
loi nhuan can bién (tinh theo triéu dong trén tAn) ctia nha may duoc wéc luong boi cong thire

P'(x) = 16— 0,02x v6i 0 < x < 100.

Tinh lgi nhuan nha may thu dugc khi ban 90 tin san pham trong tuan. Biét ring nha may
16 25 triéu dong néu khong ban duoc lugng san pham nao trong tuan.

Tinh chat 3

,Q Cho ham sb f(x) = 2x. Tinh va so sanh két qua:

j f(x)dx va j f(x)dx+i £(x)dx.

Trong trudng hop tong quat, ta co:

0y

& Cho ham s6 y = f(x) lién tuc trén doan [a; b], ¢ € (a; b). Khi do,

[ F@ae= ey | fxpas

e



; :
Vidu 7. Tinh J(sinx+cosx)dx+ j(sinx+cosx)dx.
’ i
Gidi

2 2
(sin x +cos x)dx + I(sinx+cosx)dx=I(sinx+cosx)dx
b 0

=

4

n
2

sinxdx+jcosxdx
0

ct— 3

= (—cosx) |0g +(sin x) |0g =—(0-D+(1-0)=2.

3
Vidy 8. Tinh [|x* - 2x|dx.

’ Gidi
—F =25, e

Ta cé: | x* —2x|= .
x°=2x, 2<x<3.

3 2 3
Do do, [|x* = 2x|dx = [|x* = 2x|dx+ | - 2x | dv
0 0 2

:Jz'(—x2 +2x)d)c+j.(x2 —2x)dx=[—x?3+x2J

Q‘S Tinh:

1 1

a) j(4x3—5)w—i(4x3—5)ﬁ; b) j|x—1|dx; c) j|cosx|dx.

‘5!‘3 Biét ,réng tbc d6 v (km/phut) cua mot ca nd
cao toc thay doi theo thoi gian ¢ (phut) nhu sau:
0,5¢, 0<1<2,
v(t) = 1, 2<t<15,
4-0,2¢,15<1t<20.

Tinh quing dudng ca nd di chuyén duoc
trong khoang thoi gian tir 0 dén 20 phut. Hinh 6




BAI TAP

1. Tinh dién tich hinh thang cong gidi han béi:
a) Do thi ham sb y =x°, truc hoanh va hai dudng thrfmg x =0, x =2 (Hinh 7);

. . 1 .
b) D6 thi ham s6 y =—, truc hoanh va hai duong thang x = 1, x = 3 (Hinh 8).
X

yﬂ

> *
Hinh 7 Hinh 8
2. Tinh céc tich phén sau: i
2 2 4 2
1 1
a) | x*dx; b) | —=dx; c) dx; d) [3"dx
| £ N
3. Tinh céc tich phén sau: . .
4 2 2 2 2 2
a) [@+Dx-Ddy  b) [* 2 —— J@sinx-2)dv;  d) [————dx.
A 1 ™ : o 1+cosx

4. Tinh céc tich phén sau:

o
~—
0 [ 3

| sinx | dx. déi mau khac

1 4
a) [|2x+2|dx; b) [1x*—4|dx;
E: ’ mau den

SR

5. Mit cit ngang cia mot ong dan khi nong 1a hinh vanh khuyén
nhu Hinh 9. Khi bén trong dng dugc duy tri & 150 °C. Biét rang
nhiét do 7 (°C) tai diém A trén thanh 6ng la ham s6 cua
khoang cach x (cm) tir A dén tAm ctia mit cit va

30
T'x)=—— (6<x<8).
X

(Nguon: Y.A.Cengel, A 1.Gahjar, Heat and Mass Transfer,
Mc Graw Hill, 2015)
Tim nhiét 46 mit ngoai ctia Ong. Hinh 9
6. Toc do v (m/s) ctia mot thang may di chuyén tir tang 1 1én tang cao nhét theo thoi gian 7 (gidy)
duoc cho bdi cong thuec:
t, 0<t<2,
v(t) = 2, 2<t<20,
12-0,5¢, 20 <t <24,

Tinh quang duong chuyén dong va tdc do trung binh ctia thang may.

o



ai 3. Ung dung hinh hoc ctia
tich phan

Turkhoa: Khdi tron xoay.

@ Ta da biét céng thuic tinh thé tich cia hinh cau
bankinhR1la

4nR?
3 L]
Lam thé nao dé tim ra cong thirc d6?

V=

1. Tinh dién tich hinh phéng

Hinh phéng gidi han béi d6 thi cia mét ham sé, truc hoanh va hai dudng thangx=a,x=b

O Goi d 1a d6 thi cua ham sb f(x) = 6 — 2x. Ki hiéu Y‘
S, 1a dién tich hinh phang gi¢i han béi d, truc hoanh 6

va tryc tung; S, 1a dién tich hinh phang gidi han boi d,
truc hoanh va duong thang x = 5 (Hinh 1).

3
a) Tinh S, va so sanh vé1 _[ f(x)dx.
0

5
b) Tinh S, va so sanh vi [ £(x)dx.
3

5
¢) So sanh [ f(x)dx v6i S, +S,.

0
Ta d biét, néu ham sb y = £ (x) lién tuc va khong am trén doan [a; b] thi dién tich hinh thang
cong gi6i han boi dd thi ham s6 y = £ (x), truc hoanh va hai duong thang x = a, x = b dugc

b
tinh boi § = [ £ (x)dx.

Mot cach tong quat, ta co két qua sau:

¥ Cho ham s6 y = f(x) lién tuc trén doan [a; b]. Khi d6, dién tich hinh phing gi6i han boi
db thi ctiia ham s6 y = f(x), truc hoanh va hai dudng thing x = a, x = b duoc tinh boi

cong thuc:

S =[lf£()|dx.

1




& &

Vi du 1. Tinh dién tich hinh phing gidi han boi d6 thi ciia ham s y = x> — 4x + 3,
truc hoanh va hai duong thang x = 0, x = 3.

Gidi
3

Dién tich cin tim 1a S = ”xz— dx+ 3\dx.
0

Taco: x*—4x+3=0<x=1hoidcx=3.

Véix e [0; 1] thi f(x) > 0. Véix e [1; 3] thi f(x) < 0. AY
3 \ y=x'—4x+3
Vay § = [|x*—4x+3|dx 3
0
1 3 T
= [ —4x+3)dr+ [[(x* —4x+3)]dx R s
0 1
3 1 3 3 + >
0]
:[%—2x2+3x] —(%—2x2+3xj :? 1W3 g
‘ : Hinh 2

Chii y: Gia st ham s y = f(x) lién tyc trén doan [a; b].
Néu £(x) khong d6i dau trén doan [a; b] thi

[1£() dx=

b
[ dx‘.
Néu phuong trinh f(x) = 0 khong c6 nghiém trén khoang (a; b) thi cong thirc trén van ding.

Vi du 2. Tinh dién tich hinh phing gii han boi d6 thi cia ham sb y = sinx, truc hoanh
va hai duong thang x = 0, x = 3.
Gidi

. - y
Dién tich can tim 1a S = I |sin x| dx. 1 {/\ .....................
¢ T 2n /_\31t =
Trén khoang (0; 3), phuong trinh sinx =0 0O x
g ( p g = 1 * ______________ v

chi c6 hai nghiém la x = va x = 2m.

3n n 2n 3n

Vay § = [|sinx|dv=[|sinx|dr+ | |sinx|dx+ [ |sinx| dx
0 0 b 2n

2n

J.sinxdx

T

+ +

T
Isinxdx
0

3n
3 2 3
J. sin x dx‘ = ‘(— cos x)m + ‘(— cos x)|:‘ + ‘(— cos x)|27;
2n

= 2| +-2| + 2| = 6.
Tinh dién tich hinh phfmg gi61 han béi dd thi ctia ham sb y = 2x — x°, truc hoanh va
hai duong thang x = 0, x = 3.

Tinh dién tich hinh phang gidi han bai d6 thi ctia ham sd y = cosx — 2, truc hoanh va
hai duong thang x = 0, x = .



Hinh phang gigi han béi dé thi ctia hai ham sé va hai duéng thingx=a,x=b

@ Cho hai ham s6 y = 4x — x> v y = x Ian luot c6 db thi
"% (P)va dnhu Hinh 4.
a) Tinh dién tich S, cua hinh phing gidi han bai (P),
truc hoanh va hai duong thang x = 0, x = 2.
b) Tinh dién tich S ctia hinh phang gidi han boi (P), d
va hai duong thang x = 0, x = 2.
Cho hai ham s6 y =7, (x) vay =£,(x) lién tuc trén doan [a; b].
Goi S 1a dién tich hinh phing gi6i han boi dd thi cua
hai ham s6 trén va hai duong thang x = a, x = b.
Xét truong hop f, (x) = £, (x) v61 moi x € [a; b]. Ki hi€u
S,, S, 1a dién tich hinh phang gi6i han boi truc hoanh,
hai duong thing x = a, x = b va dd thi ctia ham sd
v =1,(x),y =f,(x) tuong trmg. Khi do,

§=S5-5, =jf1<x>dx—ffz(x)dx=f[ﬁ(x)—fm)]dx.

Trong truong hop tong quat, ta c6 két qua sau:

O

x=2

B sung
dau
cham

N
/
<Y

Hinh 4
yl
Y=
P y=H()
0 b %
Hinh 5

¥ Cho hai ham s6 y = £, (x), y = £, (x) lién tuc trén doan [a; b]. Khi d6, dién tich hinh phang

giéi han bai d0 thi ctia hai ham sé y = £, (x), y = £, (x) va hai duong thang x =a, x = b

duoc tinh boi cong thic:

S = [|£1() = £,(x)]dx.

Vi du 3. Tinh dién tich hinh phang gii han boi d6 thi ctia hai ham sé y=x% y=2 —x

va hai dudng thang x = 0, x = 2.
Gidi
Dién tich can tim 1a
% 2
S =l5* —@2-x)|dx = [|#* +x-2|dx.
0 0
Tacox’+x-2=0<x=1hodcx=-2.

1 2
Vay S =[|x* +x=2[dv+ [|x* +x-2|dx
0 1

1

= j(x2+x—2)dx+

vz[(x2 +x—2)dx‘

1

3 2 2
LA :‘_Z
302 116

3 2
"
3 2 .

+




Vi du 4. Tinh dién tich hinh phang giéi han bai d6 thi ctia hai ham s y =x* —3x, y =x va
hai duong thang x = -1, x = 3.

Gidi
3 3
Dién tich can tim 1a S = Hx3 —3x—x‘dx = Hx3 —4x‘ dx.
-1 -1
Tacox’—4x=0< x(x* —4) =0 <> x =0 hodc x = -2 hodc x = 2.
Phuong trinh chi c6 hai nghiém thudc doan [-1; 3] lax=0vax=2.

Vay S = in3 —4x‘dx: ])"x3 —4x‘dx+ﬁx3 —4x‘dx+j‘x3 —4x‘dx
—1 =il 0 2

= jl(x3 —4x)dx|+ j‘(x3 —4x)dx|+ j.(x3 —4x)dx‘

4 4 4
= 22w LA LGl
4 4 4

Tinh dién tich hinh phang gi6i han béi d0 thi ctia hai
ham s6 y=x*—2x— 1, y=x— 1 va hai dudng thing
x=1,x=4.

0 2 3

+

‘ 7
+ J—

+| 4|+
4

E‘zll
4

-1 0 2

(Q

Tinh dién tich hinh phing gi6i han boi d6 thi cua
hai ham sb y = 5x — x%, y = x>~ x va hai duong thing
x=0,x=2.

(R

P

Mit cat cia mot clra ham co dang 1a hinh phang

gi6i han boi mot parabol va duong thang nam ngang !

nhu Hinh 7. Tinh dién tich cua cira ham. b Om
Hinh 7

2. Tinh thé tich hinh khai

@ Trong khong gian, cho hinh chép O.ABCD c6
42 sy 13 hinh vuong canh g, 04 1 (ABCD), OA =ik
Dit tryc s6 Ox nhu Hinh 8. Mot mat phing vudng goc
v6i truc Ox tai diém c6 hoanh d6 x (0 < x < h),
cat hinh chop O.ABCD theo mit cat 1a hinh vudng
A'B'C'D'. Ki hiéu S (x) 1a di¢n tich ctia hinh vudng
A'B'C'D'.

a) Tinh S(x) theo a, / va x.

h
b) Tinh j S(x)dx va so sanh voi thé tich cua khdi chop O.4BCD.
0



Trong khong gian, cho mét vat thé nam trong
khoang khong gian giita hai mét phing (P) va (Q)
cliing vudng goc voi truc Ox tai cac diém a va b.
Mit phang vudng goc voi truc Ox tai diém co
hoanh d6 x (a < x < b) cit vat thé theo mit cit
c6 di¢n tich S(x) (Hinh 9). Hinh 9

e\

Khi d6, néu S(x) 1a ham s6 lién tuc trén [a; b] thi thé tich cua vat thé duoc tinh béng cong thirc:

V:j.S(x)dx.

Vi du 5. Cho khéi lang try tam giac c6 dién
tich day S va chiéu cao 4. St dung tich phan,
tinh thé tich ctia khdi lang tru theo S va A.
Gidi

Chon truc Ox song song voi dudng cao
cua khoi lang tru sao cho hai ddy nam trong
hai mat phang vuong géc véi Ox tai x = 0
vax=nh (Hinh 10) Hinh 10

Mit phing vudng goc véi truc Ox tai diém c6 hoanh do x (0 < x < &) cét lang tru theo
mit cat c6 dién tich khong doi S(x) = S. Do d6, thé tich khdi lang tru 1a D&i mau khac mau

- h " den cho d& nham
v =[S(x)dx = [ Sdx = Sx|; = Sh.
0 0

a Mot binh chita nudc c6 hinh dang nhu
: Hinh 11. Biét rang khi nude trong binh
c6 chiéu cao x (dm) (0 < x < 4) thi mat

2
nudc 1a hinh vuong c6 canh /2 + x? (dm). 2
2+—

Tinh dung tich cta binh.

Hinh 11
Thé tich khéi tron xoay

7 ‘ , 1
,C} Cho D 14 hinh phéing gi6i han boi dd thi ham s y = £ (x) = 2, truc hoanh v dutng

thang x =4 (Hinh 12a). Quay hinh D xung quanh truc Ox thi dugc mot khéi non, ki hiéu
14 N (Hinh 12b).

a) Cét,khc")i N boi mit phang vudng goc voi truc Ox tai diém c6 hoanh d6 x (0 < x < 4) thi
mat cat 1a hinh gi? Tinh di¢n tich S(x) ctia mat cat do.

b) St dung cong thirc tinh thé tich hinh khéi, tinh thé tich cua khéi nén N.

25



Cho mién hinh D vang nhe
chq phan biét mét ti so voi
»han con lai

=y

Hinh 12
Cho y = f(x) 1a ham s6 lién tyc va khong 4m trén doan
[a; b]. Goi D 1a hinh phang giéi han béi dd thi ham sb ‘
y=f(x), truc hoanh va hai duong thang x = a, x = b. Y
Quay D xung quanh truc Ox ta dugc mot hinh khéi goi
13 khoi tron xoay.

=y

Cit khi tron xoay trén béi mat phing vudng goc
v6i truc Ox tai diém c6 hoanh do x véi x € [a; b],
ta dwogc mit cat 13 hinh tron c6 ban kinh bang £ (x)
va dién tich 1a S(x) = & f*(x). Hinh 13

Vay khéi tron xoay c6 thé tich 1a
b
v =x] f*(x)dx.

Vi du 6. Tinh thé tich khéi cu c6 ban kinh R dé tra 16i cau hoi & (») (trang 21).
Giai

Khdi cau c6 ban kinh R 12 khdi tron xoay nhan dqu

khi quay nua hinh tron gidi han boi do thi ham so6

y=vR*—x* (=R < x < R) va truc Ox quanh

truc Ox (Hinh 14).

Tir d6, thé tich khoi cau 1a

4mR?
P

R x3 R
V=n’_[ (R —x*)dx =n[R2x—?)
-R

-R

?36 Goi D 1a hinh phang gi¢i han béi do thi ham s6
' 1 7
y=1+— truc hoanh va hai duong thang x = 1,
X

x =2 (Hinh 15). Tinh thé khéi tron xoay tao thanh
khi quay D quanh tryc Ox.

Hinh 15

B 2



@‘2 St dung tich phan, tinh thé tich khdi non co
ban kinh day » va chiéu cao A (Hinh 16).

BAI TAP Hinh 16

1. Tinh dién tich hinh phang giéi han bai

a) D6 thi ctia ham s y = ¢*, truc hoanh va hai dudng thang x =1, x = 1.
) ) 1 )
b) D6 thi cua ham s6 y = x + —, truc hoanh va hai duong thang x =1, x = 2.
X

2. Tinh dién tich hinh phéng gid1 han boi dd thi cua ham s y = x* — x, truc hoanh va

hai duong thang x = 0, x = 2.
x+1

3. Tinh dién tich hinh phang gidi han boi d6 thi ctia hai ham sé y =
hai duong thang x =1, x = 4.

, Yy =—Xx va

4. Tinh dién tich hinh phang gidi han bdi d6 thi cta hai ham s6 y = x> + 1, y = 2 va
hai duong thang x = -1, x = 2.

5. Khi cat mot vat thé hinh chiéc ném boi mét phang vudng
gdc voi truc Ox tai diém c¢6 hoanh d§ x (-2 < x < 2),
mat cit 1a tam gidc vudng co mot goc 45° va do dai
mot canh goc vudng 1a 4 —x* (dm) (Hinh 17). Tinh
thé tich cta vat thé.

6. Cho D 1a hinh phang giéi han boi do thi ham sb
y=+4-x (x <4), truc tung va truc hoanh (Hinh 18).

Tinh thé tich khdi tron xoay tao thanh khi quay D
quanh truc Ox.

q 4
7. Trong mat phang toa do0 Oxy, cho hinh thang OABC o N _NE
¢6 A(0; 1), B(2; 2) va C(2; 0) (Hinh 19). Tinh thé tich P
khéi tron xoay tao thanh khi quay hinh thang OABC 14
quanh truc Ox.
2 1

8. Sir dung tich phan, tinh thé tich ctia hinh chép tt giac
déu c6 canh day bang a va chiéu cao bang /4 (Hinh 20).

a
Hinh 20




BAI TAP CUOI CHUGNG IV

CAU HOI TRAC NGHIEM
Chon phwong an dung.

1. Ham s6 nao sau day la mdt nguyén ham
cua ham so y = x*?
5
X
A ——.
5

B. 4x°.

5
c.x?+1. D.—4x - 1.
2. Ham s nao sau ddy 1a mot nguyén ham

A 1
cuahamsdy= —7?

X
A B -1
X X
1 1
e — D. -—.
X X

3. Khang dinh nao sau day dung?
A.J.(cosx—2sinx)dx =sinx + 2cos x + C.

B. I(cosx—2sinx)dx=—sinx+2cosx+ €.
C.I(cosx—2sinx)dx:sinx—2cosx+ C.
D.J.(COS)C—zsinx)dx =—ginx—2cosx+ C.

4. Khang dinh nao sau day dung?
1

2 3

A. I(x—l dr="—2x——+C.
X 3 X
2 3
B. j(x—l dr=2 —2x+-—+C.
% %
2 3
C. J‘(x—l dx:l(x——j +C.
x x
2 3
D. J.(x—l dx=—(x—lj (1+izj+C
x x x

—e

5. Khéng dinh nao sau ddy dung?

A. j3“dx=9—+c.
In9

B. I32xdx:9x.ln9+C.

2
C. j32de= ¥l .c
In3

D. j32de=3X.1n3+c.

6. Gia tri cua

1 2
j (4% + 3% +8x)dx + j (4% +3x7 +8x)dx

=2 1

bang
A. 16. B. -16.
C. 52. D. 0.

2
7. Biét rﬁng J-f(x)dx =4,
0

2
Gia trj clia j [3x—27(x)]dx bing
0

A -2 B. 12.

C. 14. D. 22.

2
8. Gia tri cua J‘|x2 —x|dx bang
0

A. B. 1.

C. D. 2.

W= W

9. Dién tich ciia hinh phang gidi han boi d thi
ctia hai ham s6y=2x°,y=1x va hai duong thing
x=0,x=2bing

A.2. B. 2.
2

c. 2. p. L
4 4



10. Tdc d6 chuyén dong v (m/s) ctia mot ca nd
trong khoang thoi gian 40 gidy duoc thé hién
nhu Hinh 1. Quang duong di duoc cta ca nd
trong khodang thoi gian nay la

A. 400 m. B. 350 m.
C.310 m. D. 200 m.
Av (m/s)
10--- - .
5 \ ()
0] 8 30 40

Hinh 1

11. Cho D 14 hinh phang gi¢i han boi dd thi
ham s6 y=+/x+1, tryc tung, truc hoanh
va dudng thang x = 2. Thé tich cua khoi
tron xoay tao thanh khi quay D quanh
truc hoanh bang

A. 6. B. 2m.

C.3m. D. 4n.

12. Cho ham sé y = f(x). D6 thi cua dao ham
f'(x) 1a dudng cong trong Hinh 2. Biét
rang dién tich cta cac phan hinh phang
AvaBlan lugt1a S, =2 va S, = 3. Néu
£(0) =4 thi gia tri cua f(5) bang

A. 3. B. 5.
C.0. D. 1.
yﬂ
y=1'(x)
A
0 U B s M
Hinh 2

BAITAP TU LUAN
13. Tim:
a) j [4(2 - 3x)* —3cos x]dx;

;| ,
b) I(3x —ﬁjdx,

2 1
c - dx;
) J(sinzx 3cos2xj

d) j (3% + 4 cos x)dx;

¢) j[4ﬂx7+

3 de;
3[x2
X x Y
in——cos— | dx.
g) I(smz coszj

14. Tinh dao ham ctia F(x) =In(x+vx* +1).

Tir d6 suy ranguyén ham cia f(x) =

2

by + 1
15. Cho f(x) = x’In x va g(x) = xIn x. Tinh f"(x)
va [g(x)dx.
16. Tinh céc tich phan sau:
a) j.(4x3 +x)dv; b jx—Z dx;
0 ’ SE

d) j(e“ +2)dx.

1

4
9) JZ“ dx;

0
17. Tinh cac tich phan sau:

a)

dx; b) (1+tanx)cosxdx.

sin” x

o8 —yn |3
[\S] '
oct— |3

18. Mot vat chuyén dong voi tbe do
v(f) = 3t + 4 (m/s), voi thoi gian ¢ tinh theo
giay, ¢t € [0; 5]. Tinh quang duong vat di
dugc trong khoang thoi gian tir £ = 0 dén
t=5.

20



19. Mot chat diém dang chuyén dong vai

toc do v, = 1 m/s thi tdng toc voi gia toc
khong ddi a = 3 m/s*. Hoi téc do cuia chét
diém 1a bao nhiéu sau 10 gidy ké tir khi
bét dau ting tdc?

20. Toc do tang dan sd ctia mot thanh phd

trong mot sO nam dugc udc luong boi
cong thirc

P'(1)=20.(1,106)' v6i 0 <t <7,

trong do ¢ 1a thoi gian tinh theonam var=0
tmg véi dau nam 2015, P(7) 1a dan sb
cta thanh phé tinh theo nghin ngudi. Cho
biét dan sb cta thanh phd ddu nam 2015 1a
1 008 nghin nguoi.

a) Tinh dan sb cua thanh phd ¢ thoi diém
dau nam 2020 (Iam tron dén nghin ngudi).
b) Tinh toc d¢ ting dan s trung binh
hang niam cua thanh phé trong giai doan tir
dau nam 2015 dén dau nam 2020.

21. Sau khi duoc tha roi tu do tir d6 cao 100 m,

mot vét roi xudng voi toe do v(£) = 107 (m/s),
trong do ¢ 1a thoi gian tinh theo gidy ké tir
khi tha vat.

a) Tinh quing duong s (7) vat di chuyén
duoc sau thoi gian ¢ gidy (trong khoang
thoi gian vat dang roi).

b) Sau bao nhiéu gidy thi vat cham dét?
Tinh tbc d6 roi trung binh cua vat.

22.Cho S,, S, 1a dién tich cac hinh phang dugc

B k0

e . .
mo ta trong Hinh 3. Tinh —-.
2
A
y=-x"+4x
//‘§~
31 -- AN (3
s,
1
1
S,
0 )
3 4\x’
Hinh 3

23. Néu cat chau nudc co hinh dang nhu

Hinh 4 bang mit phang song song va cach
mit day x (cm) (0 < x < 16) thi mat cat 1a
hinh tron ¢6 ban kinh (10++/x ) (cm). Tinh

dung tich ctia chau.

Hinh 4

24. Mot chiéc 1éu mai vom c6 hinh dang

nhu Hinh 5. Néu cét 1éu bang miat phang
song song v&i mat day va cach mat day
mot khoang x (m) (0 < x < 3) thi dugc hinh

vubng c¢6 canh V9—x? (m). Tinh thé tich

cua léu.

Hinh 5

25. Trén mit phang toa d6 Oxy, v& ntra duong

tron tdm O, ban kinh » = 2 ndm phia trén
truc Ox. Goi D 1a hinh phang gi6i han boi
ntra duong tron, truc Ox va hai duong
thang x = —1, x = 1. Tinh thé tich khdi tron
xoay tao thanh khi quay D quanh truc Ox.

Ay
2

Stra lai nhw stra Hinh 11



Phin| HINH HOC VA PO LUONG

PHUONG TRINH MAT PHANG,

DUGNG THANG, MAT CAU

Phuong trinh mat phang, duéng thdng, mat cau c6 nhiéu iing dung trong thiét ké, dinh vi, san xuat, ... Trong chuong nay,
chting ta sé tim hiéu vé phuong trinh ciia mat phang, dudng thang, mt cau trong khdng gian Oxyz ciing cach van dung
chiing dé tinh khoang cach, goc trong khang gian va gidi quyét mét so van dé thuc tién.

SR

-
e

Phuong trinh mat phang, dudng thang, mat cau gitip xac dinh vi tri va tinh toan chinh xac trong thiét ké xay dung.

Hoc xong chuong nay, ban co thé:

- Thiét lap dugc phuong trinh téng quéat ctia mat phang, dudng thang, mat cau trong
khong gian Oxyz.

- Xac dinh dugc diéu kién dé hai mat phang song song, vuéng goc véi nhau; diéu kién
dé hai dudng thang chéo nhau, cat nhau, song song hodc vuéng goc véi nhau.

- Tinh dugc khodng cach tir mot diém dén mot mat phang bang phuang phap toa do.

- Thiét lap dugc cdng thiic tinh goc gitra hai dudng thang, gitta dudng thang va mat phang,
gilta hai mat phang.

- Van dung dugc kién thiic vé cac phuang trinh noéi trén dé giai mot sé bai toan thuc tién.

W,




Bai 1. Phuong trinh méat phang

Tirkhoa: Cap vecta chi phuong; Vecto phap tuyén; Phuong trinh tong quat ciia mat phang.

@ Trong khéng gian Oxyz, lam thé nao dé biéu dién
mét mat phang bang phuong phap toa d6?

My(x4; yos 2o)

1. Vecto phdp tuyén va cdp vecto chi phwong ciia mét phdng

,@ a) Cho vecto n khac 0. Qua mot diém M, cb dinh trong khong gian, c6 bao nhiéu
mit phang (o) vudng goc véi gia clia vecto 7 ?

b) Cho hai vecto a, b khong cting phuong. Qua mot diém M, cb dinh trong khong gian,
c¢6 bao nhiéu mat phang (o) song song hodc chira gia cia hai vecto a, b?

A =

i =

—_—
o o
@ ] p]
a) b)
Hinh 1

Cho mit phang (o).
o Néu vecto 7 khac 0 va c6 gié vudng goc voi (o) thi 77 duge goi 1a vecto' phdp tuyén
cua (o).
e Néu hai vecto a@,b khong ciing phuong, co gia song song hodc nam trong (o) thi
a, b duogc goi la cap vecto chi phuwong cia (o).
Chay:
a) Mot mat phang hoan toan duoc xac dinh khi biét mot diém va mot vecto phap tuyén
hodc mot diém va mét cip vecto chi phuong cia mit phang do.
b) Néu 7 1a mot vecto phap tuyén ciia mit phang (o) thi k7 (k#0) ciing 1a mot vecto

phap tuyén cia (o).

i =



Vidu 1. Cho hinh 1ap phuvong ABCD.A'B'C'D'.
a) Tim mot cap vecto chi phuong cta mit phang (4BCD).
b) Tim mét vecto phap tuyén ctua mit phang (4BCD).

Gidi

g ¢ N D’ "
a) Vi AB va AD khong cung phuong va cd gia nam trong : C
mit phing (4BCD) nén AB, AD 1a mot cip vecto chi phuong A : B
cua (ABCD). l

s , Dim_ & =
b) Vi 44" 1 (ABCD) nén AA' 1a mét vecto phap tuyén cuia /,/i "
(ABCD). A 3
Hinh 2

@1 Trong khong gian Oxyz, cho ba diém A(3; 0; 0), B(0; 4; 0), C(0; 0; 5).
a) Tim toa do ctia mot cdp vecto chi phwong ctia mit phang (4BC).
b) Tim toa d6 ctia mot vecto phap tuyén ctia mat phiang (OAB).

@) Mot lang kinh c6 dang hinh lang tru dimg c6 day 1a tam gidc déu ¢ Hinh 3a duogc vé lai nhu
= Hinh 3b. Tim mot cap vecto chi phuong va mét vecto phap tuyén ctia miat phang (4'B'C)).

Al

a)

Hinh 3

2. Xac dinh vecto phap tuyén ctia mét phdng khi biét mét cdp vecto
chi phuong

,Q "Erong khéng gian Oxyz, cho mit phing (o) ¢ cip vecto chi phuong @ = (a;; ay; ay),
b =(b,; b,; by). Xétvecto 1 = (a,b, —a;b,; asb, — a,bs; a,b, — a,b)).
a) Vecto 7 ¢6 khac 0 hay khong?
b) Tinh G.7 ; b.ii.

¢) Vecto 7 ¢6 phai 1a vecto phap tuyén cua mat phang (o) khong?




Tu ,(3, ta co:

-

0y

Trong khong gian Oxyz, néu mat phang (o)

nhén hai vecto d@ = (a,; a5; a), b = (by; by; by) i 5
lam cap vecto chi phuong thi (o) nhan vecto a
o

n (@b —ab,, ab = a b:;ia by = abl))

lam vecto phap tuyén. Hinh 4

Chay:
a) Vecto 1 = (a,b, — a;b,; a;b, — a,b;; a,b, — a,b,) dugc goi la tich cé hudng cua hai vecto

G =(a; ay; ay), b= (b,; by; by). Tich c6 hudng ctia hai vecto @, b ki hiéula | @, b].

W . fba e |G 45 a4 494
b) Biéu thuc a,b, — a,b, thuong duoc ki hi¢u la . Tuong tu, =a,b,—a;b,,
bl b2 b2 b3
s i A Al
5 NS a,b, — a,b;. Nhu vay, ta c6 thé viét:
3 1
[a"b']: ) a3;a3 al;al @5 .
b, b |b; bl |b b

¢) @ va b cing phuong < [Ei, BJ =0.

Vi du 2. Cho mit phang (P) nhan a = (1;2; 3), b= (4; 1; 5) 1am ca@p vecto chi phuong.
Tim mdt vecto phéap tuyén cua (P).

Gidi
Ta co tich ¢6 hudng ctia hai vecto a, b la
[4,5] =2.5-3.1;3.4-1.5;1.1-2.4)=(7; 7, 7).

, 1 - .
Do d6, mat phang (P) nhan n =5 [5, b} = (1; 1; 1) lam mot vecto phap tuyeén.

@2 Cho mit phang (Q) di qua ba diém A(1; 1; 1), B(-1; 1; 5), C(10; 7; —1). Tim mdt cap

—

vecto chi phuong va mot vecto phap tuyén cua (Q).

Cho biét hai vecto @ = (2; 1; 1), b= (1; -2; 0) co gia
1an luot song song véi ngdn tro va ngdn gitta ciia ban tay
trong Hinh 5. Tim vecto # c¢6 gid song song vGi ngdn cai.
(Xem nhu ba ngoén tay noi trén tao thanh ba dudng thing

do61 mot vuong goc.)




3. Phuong trinh té6ng quat ctia mat phdng

’

®3 Trong khong gian Oxyz, cho mit phing (o) di qua A

Khai niém phuong trinh téng quat ciia mat phing

diém M, (1; 2; 3) va nhan 7 = (7; 5; 2) lam vecto
phap tuyén. Goi M(x; y; z) 1a mot diém tuy ¥ trong /
khong gian. Tinh tich vo huéng 7. M M theo x, y, z. A DM

Hinh 6

Piéu kién can va di dé M € (a) 1a 7 .M,M = 0 hay toa do cua diém M(x; y; z) thoa man
Tx+5y+2z-23=0(*).

Phuong trinh (*) goi 1a phuong trinh tong quét ctia mat phang (o).

Mot cach tong quat, ta co:

N -
.

Trong khong gian Oxyz, phuong trinh c6 dang Ax + By + Cz+ D =0, trong d6 4, B, C
khong dong thoi bang 0, dwgc goi 13 phuwong trinh tong qudt ciia mit phang.

Nhan xét:

a) Cho mit phang (o) c6 phuong trinh tong quat 1a Ax + By + Cz + D = 0. Khi dé:
e Mit phing (o) c6 mot vecto phap tuyén 1a 77 = (4; B; C).

o N(xyp; Yp; 2,) € () & Ax, + By, + Cz,+ D= 0.

b) MJi phuong trinh Ax + By + Cz + D = 0 (trong d6 4, B, C khong dong thoi bang 0)
déu 1a phuong trinh cia mot mit phang xac dinh.

Vi du 3. Cho hai mat phang (P), (Q) c¢6 phuong trinh téng quét 1a
(P):3x—5y+7z+5=0va(Q):x+y—-2=0.
a) Tim mot vecto phap tuyén cuia mdi mit phang (P), (0).
b) Tim diém thudc mit phing (P) trong sb cac diém: A(1; 3; 1), B(1; 2; 3).
Gidi
a) Mit phang (P) c6 mot vecto phéap tuyén 1a 71 = (3; —5; 7).
Mit phang (Q) c6 mét vecto phap tuyén 1a 7= (1; 1; 0).
b) Thay toa d6 diém A vao phuong trinh cua (P), ta duoc:
3.1-5.3+7.1+5=0.
Vay A4 thudc (P).
Thay toa d6 diém B vao phuong trinh cia (P), ta duoc:
3.1-5.2+7.3+5=19=0.
Vay B khong thudc (P).

s




% Cho hai mit phang (o), (B) c6 phwong trinh tong quat 1a
(0): 2x+2y—3z—4=0va(P):x+4z—-12=0.
a) Tim mot vecto phap tuyén cia mdi mit phang (a), (B).

b) Tim diém thudc mit phang (o) trong s6 cac diém: M(1; 0; 1), N(1; 1; 0).

Lap phuong trinh téng quat cia mat phang di qua mét diém va c6 mét vecto
phap tuyén

O Trong khong gian Oxyz, cho mit phang (o) di qua A
diém Mo(xo, Vs Zo) vanhan n = (4; B; C) lam vecto

phap tuyén. Goi M(x; y; z) 1a mot diém tuy ¥ trong /M
khong gian. ( : M,

a) Tim toa do cua M M.
b) Tinh tich v6 hudng n. M M. Hinh 7

¢) Lap phuong trinh téng quat ctia mit phang (o).
Tu ,Q\i, ta co:

Trong khong gian Oxyz, phuong trinh mit phang di qua diém M (xy; ¥y 2,) VA cO vecto
phap tuyén n = (4; B; C) la
Alx—x)) + Bly—y)) + C(z—2)) =0
hay Ax + By + Cz+ D =0 v6i D = —A4x,— By,— Cz,.

Vi du 4. Viét phuong trinh mat phang (P) di qua diém M(1; 2; 3) va c¢6 vecto phap tuyén

n=(1;2;1).

Gidi
Vi (P) di qua diém M(1; 2; 3) va c6 vecto phap tuyén 7# = (1; 2; 1) nén phuong trinh
cua (P) la

Ix-1)+2(0-2)+1(z-3)=0<=x+2y+z-8=0.
Lap phuong trinh tdng quat cia mat phang di qua mot diém va cé6 mét cap vecto
chi phuong
,@ Trong khong gian Oxyz, cho mat phang (o) di qua diém M(0; 2; 1) va co cap vecto
chi phuong la a=(1; 3; 1), b=(2; 0; 1).
a) Tim toa d6 mot vecto phap tuyén ctia mét phang (o).
b) Lap phuong trinh ctia mit phang (o).



Tu ,@, ta co:

N -
. -

Dé 1ap phuong trinh tong quat ctia mat phang (o) di qua *T .

diém M (xy; ¥os 2,) Va cO cd@p vecto chi phuong a, b, ta "= _5,

thue hién nhu sau:

e Tim mot vecto phap tuyén 7 = [5, B] /4 "M, /
e Viét phuong trinh (o) di qua M,(x,; y,; z,) Va c6 vecto “

phap tuyén 7. Hinh 8

Vi du 5. Viét phuong trinh mat phang (P) di qua diém N(4; 0; 1) va co cip vecto
chiphuongla @ =(1;2; 1), b =(2; 1; 3).

Giai

(P) co cap vecto chi phuong la a = (1; 2; 1), b= (2; 1; 3), suy ra (P) ¢6 vecto phap tuyén
a7=[ab]=023-1.1;1.2-1.3;1.1-2.2)=(5; -1; -3).
Phuong trinh cua (P) la

5x—4)—1(y—0)—3(z—1)=0<5x—y—3z—17=0.

Lap phuong trinh tdng quat ciia mat phang di qua ba diém khéng thing hang

6)
%6

-~

.

Trong khong gian Oxyz, cho mat phéng (o) di quaba diém A(0; 1; 1), B(2; 4; 3), C(5; 3; 1).
a) Tim toa d6 mot cip vecto chi phuong cia mit phing (o).

b) Tim toa d6 mot vecto phéap tuyén ciia mit phang (o).

¢) Lap phuong trinh ctia mét phang (o).

Tu ,C%', ta co:

Dé lap phuong trinh tong quat ctia mt phang (a) di qua
ba diém 4, B, C khong thang hang, ta thuc hién nhu sau:

i
e Tim cip vecto chi phuwong, chang han 4B, AC. k: C
e Tim mot vecto phap tuyén 7 = [TB, R’] - i
(03
e Viét phuong trinh (o) di qua M (x,; o3 2,) va ¢ vecto
phap tuyén 7.

Hinh 9

Vi du 6. Viét phuong trinh mit phing (P) di qua ba diém A(1; 1; 1), B(1; 2; 2), C(4; 1; 0).

Giai

(P) di qua ba diém A(1; 1; 1), B(1; 2; 2), C(4; 1; 0) nén c6 cip vecto chi phuong 1a

AB = 0; 1; 1), AC = (3; 0; 1), suy ra (P) c6 vecto phap tuyén la
ii=|AB, AC]=(1.(-1)~1.0;1.3-0.(-1);0.0-1.3) = (~ 1; 3; -3).

Phuong trinh cua (P) 1a

1x-D+30-1)-3E-1)=0<x-3y+32-1=0.

7



Vidu 7. Trong khong gian Oxyz, cho ba diém A(a; 0; 0), B(0; b; 0), C(0; 0; ¢) voia, b, ¢
déu khac 0. Viét phuong trinh mat phiang (P) di qua ba diém 4, B, C.

Gidi z
(P) c6 mot cap vecto chi phuong la AB = (—a; b; 0),
AC = (=a; 0; ¢), do d6 (P) c6 mot vecto phap tuyén
la ii = [ 4B, AC| = (bc; ac; ab). Suy ra (P) co
phuong trinh:
be(x —a)+ac(y—0)+ab(z-0)=0 A
hay bex + acy + abz — abe = 0.

By
Hinh 10

" , A . A 2 25 8B Td 5 a " X z
Nhdan xét: Do a, b, c d¢u khac 0 nén c6 thé viét lai phuong trinh trén thanh — + g A L.
a c

Phuong trinh ndy goi 12 phwong trinh mdt phang theo doan chan.

@4 Viét phuong trinh mat phang (P) trong mdi trudng hop sau:
a) (P) di qua diém A(2; 0; —1) va c6 vecto phap tuyén n = (5;-2; 7).
b) (P) di qua diém B(-2; 3; 0) va c6 cip vecto chi phuong 1a & = (2; 2; —1),
v =(3; 1;0).
¢) (P) di qua ba diém A(2; 1; 5), B(3; 2; 7), C(4; 1; 6).
d) (P) di qua ba diém M(7; 0; 0), N(0; —2; 0), P(0; 0; 9).
.&e Trong khong gian Oxyz, cho hinh lang tru OAB.O'A'B'.

Biét O 1a gbc toa do, A(2; 0; 0), B(0; 3; 0), O'(0; 0; 5).
Viét phuong trinh cac mét phang (O'AB) va (O'A'B').

Hinh 11

4. Piéu kién dé hai mdt phdng song song, vudng géc
Piéu kién dé hai mat phang song song
,@ Cho hai mit phing (at), (B) ¢6 phuong trinh 13
():x—2y+3z+1=0va(B): 2x—4y+ 62+ 1=0.
a) Néu nhan xét vé cac vecto phap tuyén ctia hai mit phang trén.
b) Cho diém M(~1; 0; 0). Hay cho biét cic mat phang (a), (B) c6 di qua M khong.

¢) Giai thich tai sao (o) song song véi (B).



Trong truong hop tong quat, ta co:
* Trong khong gian Oxyz, cho hai mat phing

() Ax+By+Cz+D =0va(a,): Ax+By+Cz+D,=0

c6 vecto phap tuyén lan luot 1a 7,= (4,; B,; C,), 7, = (4y; B,; C,).

Khi d6

— —

n, =kn
(oc)//(a)<:>{1 > (keR).
i 5 D, # kD,

Chi y:

n, = kn, k<R
€ R).

(o) =(a,) < {Dl — kD,

(a,) cit (a,) < 7, va 7, khong ciing phuong.

Hinh 13

Vi du 8. Mit phang (P): 4x + 3y + z + 5 = 0 song song v4i mit phang nao sau day?

a)(0):8x+6y+2z+9=0;, Db)(R):8x+6y+2z+10=0; c¢)(S):4x+2y+z+5=0.
Giai

Céac mit phang (P), (Q), (R), (S) c6 cac vecto phap tuyén lan lugt 1a 7, = (4; 3; 1),

n,=(8;6;2), n, =(8;6;2), n, =(4;2; 1).

a) Xét (P)va (Q),taco n, =2n,,9+2.5. Vay (P) // ().

b) Xét (P) va (R),tacod n, =2n,,10=2.5. Vay (P) = (R).

¢) Xét (P) va (S), ta co % # % suy ra 7, va 71, khong cing phuong. Vay (P) cat ().

Vidu 9: Viét phuong trinh mit phang (Q) di qua diém M(1; 2; 3) va song song véi
mdt phang (P): 2x+y+z+12=0.
Gidi
Dé thiy diém M khong nam trén (P). Vi (Q) // (P) nén (Q) c6 vecto phap tuyén la
n=(2;1;1).
Phuong trinh mét phiang (Q) di qua M va c6 vecto phap tuyén 7 la:
2x-1)+(¥-2)+(z-3)=0hay2x+y+z-7=0.
Ql; Mit phang (E): 2x —y + 8z + 1 = 0 song song v&i mit phang nao sau day?

a) (F): 8x—4y+32z+7=0;

b) (H): 6x —3y+24z+3=0;

¢)(G): 10x—-5y+41z+1=0.

30




W% Trénban thiét ké 46 hoa 3D ciia mot canh dong
=% dién mit troi trong khong gian Oxyz, mot tim
pin ndm trén mat phang (P): 6x+ 5y +z+2=0;
mot tim pin khac nam trén mit phang (Q)
di qua diém M(1; 1; 1) va song song vdi (P).

Viét phuong trinh mit phang (Q).

Hinh 14
Diéu kién dé hai mat phang vuéng géc
'C\g Cho hai mat phang (o) va () c6 phuong trinh 1a
():3x+2y+z+1=0va(B): 5x—10y+5z+9=0.
a) Chi ra hai vecto 7,, 77, lan lugt 1a vecto phéap tuyén cua (o) va (B).
b) Tinh tich vo huéng 7,.7, va néu nhan xét vé hai mit phang (o) va (B).

Trong trudng hop tong quat, ta co:

Trong khong gian Oxyz, cho hai mit phang
() Ax+By+Cz+D, =0va(a,): 4x+By+Cz+D,=0
c6 vecto phap tuyén lan lugt 1a 7, = (4,; B,; C,), ii,= (4,; B,; C.).

Khi d6 (o) L (o)) < 7.7, =0 <> 4,4, + B,B, + C,C, = 0.

Hinh 15

Vi du 10. Cho ba mit phang (P), (Q), (R) c6 phuong trinh la:
(P):x—4y+3z+2=0;(Q):4x+y+88=0va(R):x+ty+z+9=0.
Chung minh rang (P) L (Q) va (P) L (R).
Gidi
Céc mit phang (P), (Q), (R) c6 vecto phép tuyén lan luot 1a 7, = (1;—4; 3), #,= (4; 1; 0),
i, =(1; 1; 1).
Xét (P)va (Q), tachd 7i.i,= 1.4+ (=4).1+3.0=0. Vay (P) L (O).
Xét (P) va (R), taco ii,.i,=1.1+(-4).1+3.1=0.Vay (P) L (R).

% Tim cac cap mit phiang vudng goc trong cac mat phing sau:
(F):3x+2y+5z+3=0, (H:x—4y+z+23=0, (G):x—y+3z+24=0.

@  Hai hoc sinh dang chuyén bong. Ban nit ném bong ~ *

cho ban nam. Qud bong bay trén khong, léch sang
phai va roi xubng tai vi tri cach ban nam 3 m,
cach ban nit 5 m (Hinh 16). Cho biét quy dao ciia
qua bong nam trong mit phang (P) vudng goc _ .
v6i mat dat. Hay viét phuong trinh cta (P) trong / T \_,' 3m Y
khong gian Oxyz dugc md ta nhu trong hinh vé. x —

Hinh 16



5. Khodng cdch tir mét diém dén mét mat phang

M,
O Trong khong gian Oxyz, cho mit phang () c6 ‘

phuong trinh Ax + By+ Cz+D=0va diém M, oX03 Vs 20)- T A i

Goi M,(x,; y,; z,) 1a hinh chiéu vudng goc cua M, v
trén (o) (Hinh 17). “ :

a) Néu nhan xét vé phuong cua hai vecto:

o, Hinh 17
MM, =x,—x;Y,—Yi:2,—2)van =(4;B; ).
b) Tinh M, M,.7 theo 4, B, C, D va toa do cta M,,
¢) Giai thich tai sao ta lai c6 ding thic [M M, |.|| =M M,.7].
\MM i

d) Tir céc két qua trén suy ra céch tinh d(M,, (o)) = |M,M,| = :
¥ Trong khong gian Oxyz, cho mit phang (a) c6 phuong trinh Ax + By + Cz+ D =0 va
diém M (x,; o; 2,)- Khoang céch tir diém M, dén mat phing (o) dugc tinh theo cong thire:
| Ax, + By, + Cz, +D\
JA + B+ C

dM,, (o)) =

Vidu 11. Tinh khoang cach tir diém M(1; 2; 3) dén cac mat phang sau:

a)(P):x+y+z+12=0; b) (Q): 4x+ 3y +10=0.
Gidi
2) d(M,(P)):|1'1+1'2+1'3+12|:E:6\/§;
JE+12 41 3
41+32+03+10] 20
b) d(M,(Q)):| |:—:4.

& +3 +0° 5
Vidu 12. Tinh chiéu cao cua hinh chop S.ABC ¢o6 toa dd cac dinh 1a S(5; 0; 1), A(1; 1; 1),
B(2; 3;4), C(5; 2; 3).
Gidi

Mit phang (ABC) di qua ba diém A(l 1; 1), B(2; 3; 4), C(5; 2; 3) nén co cdp vecto
chi phuong 1a AB = (R1F_ i3 )% AC = (4; 1; 2), suy ra (4BC) c6 vecto phap tuyén

n=2.2-3.1;3.4-1.2;1.1-2.4)=(1;10;-7).
Phuong trinh ctia (ABC) 1a: 1(x— 1)+ 10(y — 1) = 7(z—1)=0hay x + 10y — 7z— 4 =0.
Chiéu cao SH cua hinh chop S.4BC chinh la khoang cach tir diém S dén (4BC).
[L5+10.0+(-7).1-4] 6 6

JE+107 67 56 5

Ta c6: SH= d(S,(ABC)) =

o



Vi du 13. Tinh khoang cach giita hai mit phang song song (P) va (Q) cho boi cac
phuong trinh sau day:
(P):2x+y+2z+9=0; (0):2x+y+2z+99=0.
Gidi
Ta lay diém M(0; —9; 0) thudc (P). Do hai mit phing (P) va (Q) song song nén
khoang cach gitta ching 1a:

2041.(-9)+2.0+99| 90 _

d((P), (Q)) = dM, (Q)) = SEn oW : 30.

@ a) Tinh chiéu cao cua hinh chop O.MNP véi toa do cac dinh 1a O(0; 0; 0), M(2; 1; 2),

BAI TAP

1.

—

NEREEEEER-6))
b) Tinh khoang cach giita hai mit phing song song (R): 8x + 6y + 70 = 0 va
(8): 16x +12y—-2=0.
2) Cho hinh chép tir gidc déu S.ABCD c6 canh day
béng a2 , chidu cao bang 2a va O 1a tim cia day.

Bang cach thiét 1ap hé truc toa d6 Oxyz nhu Hinh 18,
tinh khoang cach tir diém C dén mat phang (SAB).

Hinh 18

Viét phuong trinh ciia mat phang:

a) Di qua diém A(2; 0; 0) va nhan 7 = (2; 1; —1) 1am vecto phap tuyén;

b) Pi qua diém B(1; 2; 3) va song song véi gia ciia mdi vecto i@ = (1;2;3) va v =(-2; 0; 1);
¢) Pi qua ba diém A(1; 0; 0), B(0; 2; 0) va C(0; 0; 4).

. a) Lap phuong trinh cta cac mit phing toa do (Oxy), (Oyz), (Oxz).

b) Lap phwong trinh ciia cac mit phiang di qua diém A4(-1; 9; 8) va lan luot song song véi
cac mat phéng toa do trén.

. Cho tir dién ABCD c6 cac dinh 4(4; 0; 2), B(0; 5; 1), C(4; —1; 3), D(3; —1; 5).

a) Hiy viét phuong trinh ciia cac mit phang (4BC) va (4BD).
b) Hiy viét phuong trinh mit phang (P) di qua canh BC va song song v6i canh AD.

. Viét phuong trinh mit phang (Q) di qua diém C(1; —5; 0) va song song véi mit phiang

(P): 3x — 5y + 4z 2024 = 0.



5. Viét phuong trinh mit phing (o) di qua hai diém A(1; 0; 1), B(5; 2; 3) va vudng goc véi
mat phang (B): 2x—y+z—7=0.

6. Viét phuong trinh mit phang (R) di qua diém A(1; 2; —1) va vudng goc voi hai mat phang
(P):4x—-2y+6z—11=0,(0): 2x+2y +2z—-7=0.

7. Tinh khoang cach tir gbc toa do va tir diém M(1; —2; 13) dén mit phang (P): 2x — 2y —z+ 3 =0.
8. Tinh khoang cach giita hai mat phing song song (P): x —2 =0 va (Q): x — 8 = 0.

9. Cho hinh chép S.ABCD c6 day ABCD la hinh chit nhat voi AB = 2a, AD = 5a, SA = 3a va
SA 1 (ABCD). Tinh khoang cach tir 4 dén mit phang (SBC).

Ji

10. Mot cong trudng xay dung nha cao tang da
thiét lap hé toa do Oxyz. Hay kiém tra tinh
song song hodc vudng gbc gitra cac mat kinh
(P), (0), (R) (Hinh 19) cia mdt toa nha, biét:

(P):3x+y—z+2=0;
(Q): 6x+2y—2z+11=0;
(R):x-3y+1=0.

ai 2. Phuong trinh dudng thang
trong khong gian

Turkhoa: Vectd chi phuong; Phuong trinh tham sd cia duong thang;
Phuong trinh chinh tic ciia duéng thang.

@ Ta da biét trong mat phang Oxy, phuong trinh tham sé ciia duéng thang ¢ dang:
{x =X, +a,t
y=Yyotayt

Con trong khéng gian Oxyz, phuong trinh tham sé ciia duéng thang c6 dang
nhu thé nao?

(a2 +a?#0,tcR).

yﬂ

a) Dudng thang trong mat phang Oxy  b) Dudng thang trong khéng gian Oxyz

«



1. Phwong trinh duwong thdng trong khéng gian

Vecto chi phuong cia dudng thang

,q Trong khong gian Oxyz, cho diém M, c¢b dinh va vecto a

khac 0. Cé bao nhiéu duong thing d di qua M, va song song
hodc trung véi gid cuia a?

Tir M, ta c6 dinh nghia:

-~ -

. S
&

&

Vecto a khac 0 co gia song song hodc tring véi duong thing d duge goi 1a vecto
chi phwong cia d.

Chii y: Néu a 1a vecto chi phwong cua d thi ka (k # 0) cling 1a vecto chi phuong cia d.
Vidu 1. Trong khong gian Oxyz, cho hinh chop O.4BC cc:)A(Z; 0;0),B(0;4;0)va C(0;0;7).
a) Tim toa d0 mot vecto chi phuong cua moi duong thang 4B, AC.
b) Vecto v = (~1; 2; 0) ¢6 1a vecto chi phuong ciia dudng thang 4B khong?

Gidi Q0
a)Taco AB = (=2; 4; 0) 1a mot vecto chi phuong cta dudng thing 4B;

AC = (=2; 0; 7) 1a mét vecto chi phuong ciia dudng thing AC.
A C

%E nén v la mot vecto chi phuong cua
B
duong thang AB. Hinh 2

b)Viv =(-1;2;0)=

Trong khong gian Oxyz, cho hinh lang tru tam giac ABC. A'B'C'v6i1 A(1;2; 1), B(7; 5; 3),
C(4;2;0),4'(4; 9;9). Tim toa do mot vecto chi phuong cia mdi dudng théng AB, A'C’
va BB'.

Phuong trinh tham sé cGa dudng thing

L

ZA

Trong khong gian Oxyz, cho duong thing d di qua
diém M (X Vo3 2o) c¢b dinh va c6 vecto chi phuong 1a
d =(a,; ay; a;) khac 0.

a) Giai thich tai sao ta c6 thé viét: 0

Med<s MM =ta (t € R).
b) V&1 M(x; y; z) thude d, hay tinh x, y, z theo x,, yy, z, ~ x
vaa, a,, a;. Hinh 3



Tu » \2, ta c6 dinh nghia:

Trong khong gian Oxyz, phwong trinh tham sé cia dudong thang d di qua diém
M(x,; s z,) vanhan @ = (a,; a,; a,) lam vecto chi phuong c6 dang:
X=X, +at

y=y,+at véite R (tduge goila tham so).

Z=VZynldx
==
Vi du 2. Cho duong thang d c6 phuong trinh tham s6 {y=11+2¢ (¢ € R).
z=4t

a) Tim hai vecto chi phuong cua d.
b) Tim céc diém trén d Gmg véi ¢ 1an luot bang 0; 2; —3.
Gidi
a) Tir phuong trinh tham sd, ta c6 @ = (6; 2; 4) 1a mot vecto chi phuwong cia d.

- 1 e . - , .
Chon b = Ea =(3;1;2),tacd b cling la mot vecto chi phuong cua d.

b) Thay ¢ = 0 vao phuong trinh tham s ciia d, ta dugc:

x=-2+6.0 x=-2
y=11+2.0 hay {y =11
z=4.0 z=0.

Vay A(-2; 11; 0).
Tuong tu, voi ¢ = 2 thi B(10; 15; 8), voi ¢t =3 thi C(-20; 5; —12).
Chay: xX=x,+at
a) Trong phuong trinh tham s cua dudng thing d: {y =y, +a,t, mdi gia tri cua
z=2z,+at
tham sd ¢ xac dinh duy nhat mot diém M trén d va nguoc lai.
b) Tt nay dé cho gon, trong phuong trinh tham sb ctia dudng thing, ta khong viét 7 € R.
Vi du 3. Viét phuong trinh tham s ctia duong thing d di qua diém M(1; 2; 3) va nhan
a =(4; 5;—7) lam vecto chi phuong. Puong thing d c6 di qua diém A(1; 1; 5) khong?
Gidi
Ta c6 phuong trinh tham s cua d 1a:
x=1+4¢
y=2+5¢
z=3-7t.

s R




Thay x = 1 vao phuong trinh x =1 + 4¢, tadugc 1 =1 +4¢, suyrat=0.

Thay y = 1 va ¢ = 0 vao phuong trinh y = 2 + 5¢, ta thdy phwong trinh khong thoa man.
Suy ra dudng thang d khong di qua diém A.

x=-1+8¢
@2 Cho dudng thing d c6 phuong trinh tham s6 <y =—4¢
z=3+12t.

a) Tim ba vecto chi phuong cua d.
b) Tim céc diém trén d ung voi ¢ lan luot b?mg -1;0; 1.

% Viét phuong trinh tham sb cua dudng thang d di qua diém A(5; 0; —7) va nhan
v =(9; 0; —2) lam vecto chi phuong. Puong thang d c6 di qua c6 diém M(—4; 0; —5)
khong?

Phuong trinh chinh tic ctia duéng thing
X=Xx,+at
'C}} Cho dudng thang d c6 phuong trinh tham sé { y = Yo +a,t voia,, a,, a, déu khac 0.

z=2z,+a,l

Lay diém M(x; y; z) bat ki thudc d. So sanh cac biéu thirc: X% : Y~ Yo : 2%

Tu z@, ta co6 dinh nghia:

Trong khong gian Oxyz, cho duong thang d di qua M(x,; yy; z,) va co vecto chi phuong
a=(a; ay; ay).

Néu N déu khac 0 thi hé phuong trinh

S P

aq a, a,

20i 1a phwong trinh chinh tic cua duong thang d.

Vi du 4. Viét phuong trinh chinh tic cia duong thang d di qua diém M(1; 2; 3) va
nhan a = (4; 5; —7) lam vecto chi phuong.
Gidi

Puong thing d ¢6 phuong trinh chinh tic 1a: x;l P ; 2 == _73 :

Qlt Viét phuwong trinh chinh tic cua duong thing d di qua diém M(5; 0; —6) va nhan
' a = (3;2;—4) lam vecto chi phuong.

B s



Viét phuong trinh tham s, phuong trinh chinh tic cia dudng thing di qua hai diém
,Q Cho duodng thing d di qua hai diém A(2; 2; 1) va B(4; 5; 3).
a) Tim mot vecto chi phuong cua d.

b) Viét phuong trinh tham s6 va phuong trinh chinh tic cta d.

Trong khong gian Oxyz, dudng thing d di qua hai diém phan biét A(x 5 Ve 20
B(x; vy z5) €6 vecto chi phuong la AB = B sV — Vs Zp —2, ) va c6 phirong trinh
tham so:

x=1x, +(x;—x )t

Y=Y4 +(yB _yA)t

z=2z,+(zz -2z, )t

Néu x, # X,, ¥, # Vs 2, # z, thi d ¢6 phuong trinh chinh tic:
RO WA W) Y

NN Kol [ g 2

Vi fly 5. Viét phwong trinh tham sé va phwong trinh chinh tic cia duong thang 4B,
biet A(1; 1; 5) va B(3; 5; 8).
Giai
Puong thang 4B co vecto chi phuong 1a AB =(2; 4;3) nén co phuong trinh tham so:
x=1+2¢
y=1+4t
z=5+3¢

va phuong trinh chinh tic:
x-1 y-1 z-5

2 4 3

% Viét phuong trinh tham sd va phuong trinh chinh tic cuia duong thing MN, biét
) M(2; 0; 1) va N(4; 3; 1).

@ M6t mé hinh cau treo duoc thiét ké
trong khong gian Oxyz nhu Hinh 4.
Viét phuong trinh tham sb cua
lan dudng d di qua hai diém
M(4; 3; 20) va N(4; 1000; 20).

Hinh 4




2. Vi tri twong dai giita hai dwong thdng. Piéu kién dé hai dwong thdng
vudéng goc

Diéu kién dé hai duéng thang song song hoic triing nhau

N \ 2
,Q Cho ba duong thang

x=4+t¢ x=2t x=5+2t"
d:3y=1+2t d:{y=T7+4r va d": {y=3+41"
z=1+3¢; 7=2+6¢( z=4+6¢"

a) Néu nhan xét vé ba vecto chi phuong cua d, d’ vad”.
b) Xét diém M(4; 1; 1) nam trén d. Piém M c¢6 nam trén d’ hodc d” khong?
¢) Tur cac két qua trén, ta co thé két luan gi vé vi tri trong ddi gitta d va d’, d va d"?

Trong trudng hop tong quat, ta co:

0y o
. 0y

¥ Goi @ = (a; ay; a;) va @ =(a; ai; ) lan luot I, = P
1a vecto chi phwong cta hai duong thing d va d'. -
Goi M(x,; y,; z,) 1a mot diém trén d. . & d
Taco: d// d" d=kd',keR d
a co: & Hinh 5
Med: in
a=ka',keR
d=d' & )
Med'.

Vi du 6. Kiém tra tinh song song hoic tring nhau cta cac cip duong thang sau:

x=1+t x=2+2f

a)d: <y=2+t vad': <y=5+2¢
z=1+2t¢ z=1+4¢";

b) d- x—1=y—2=z—1 vad' x—2:y—3:Z—3.
1 1 2 3 3 6

Gidai
a) Puong thang d di qua diém M(1; 2; 1) va c¢6 vecto chi phuong @ = (1; 1; 2).
Puong thang d’ ¢6 vecto chi phuong @’ = (2; 2; 4) =24.

Thay toa do diém M vao phuong trinh cua d’, ta duoc:

, 1

f'=—=
1=2+2¢ 2
2=5+2' <= |t'= —% (v6 nghiém).
1=1+4t /=0

Suy ra M khong thuée d'. Vay d // d'.



b) Puodng thing d di qua diém M(1; 2; 1) va c6 vecto chi phuong @ = (1; 1; 2).
Puong thang d’ ¢ vecto chi phuong @ = (3; 3; 6) =3 4.
Thay toa d6 diém M vao phuong trinh cta d’, ta dugc:
1-2 2-3 1-3
3 3 6
Phuong trinh nghiém dung, suy ra M thu¢c d'. Vay d=d’.

Chti y: Cho duodng thing d di qua diém M va c6 vecto chi phuong @, dudng thing &' di
qua diém M’ va c6 vecto chi phuong @'.
a) Néu ba vecto &, a', MM’ cung phuong thid=d'.
b) Néu hai vecto @, @' cung phuong va hai vecto a, MM’ khong cung phuong thid // d'.
Van dung tinh chét trén, ta c6 thé giai Vi du 6 theo cach sau:
a) Puong thang d di qua diém M(1; 2; 1) va c¢6 vecto chi phuong d = (1; 1; 2), duong thang d'
di qua diém M'(2; 5; 1) va c6 vecto chi phuong @' = (2; 2; 4). Ta ¢6 MM'= (1; 3; 0).
Ta ¢ a'=2a, suy ra d, d cung phuong va %;t % , suy ra @, MM' khong cung phuong.
Vayd// d'.
b) Pudng thang d di qua diém M(1; 2; 1) va c6 vecto chi phuong @ = (1; 1; 2), dudng thang d’
di qua diém M'(2; 3; 3) va c6 vecto chi phuong @ = (3; 3; 6). Ta co MM'= (1; 1; 2).
Tacé a'=3d =3MM, suy ra ba vecto @, @, MM’ cung phuong. Vay d=d..

Qﬁ Kiém tra tinh song song hodc tring nhau cta cc cip dudng thiang sau:

x=T7+4¢ o s A
a)d: {y=3-2t vad": = =y_1 =Z_1;
z=2-2t
Jx_y_z=l o x=2 y-9 z-5
b)d.334vad.3—3—4.

‘G}"Z Trén mot may khoan ban da thiét lap san mot hé toa do.
Néu nhan xét v€ vi tri gitra truc d cia miii khoan
vatruc d' cia gia do c6 phuong trinh lan lugt 1a:

x:l x=10
d <y=1 vad': {y=20
z=1+t z=5+5¢. Hinh 6

o R




Diéu kién dé hai dudng thang cat nhau hoiac chéo nhau

S i 2
,Q Cho ba duong thang

x=1+t¢ x=2-2¢ x=2-2¢"
d:{y=2+3t d=3y=-2+¢ va d". sy=-2+1t"
z=3-1; z=1+3¢ z=3+3¢"

a) Puong thang d' va dudng thang d” ¢6 song song hay trung v6i dudng thang d khong?

1+¢t=2-2¢
b) Giai hé phuong trinh < 2+3f =—2+¢" (an ¢ va t').
3—t=1+3¢

Tir d6 nhan xét vi tri tuong doi giita d va d’.

1+¢=2-2¢"
¢) Giai hé phuong trinh {2 +3¢f =—2+¢" (antvat").
3—t=3+3t"

Tir d6 nhan xét vi tri twong ddi gitta d va d”.
Trong trudng hop tong quat, ta c6:
Cho hai dudng thang d va d' ¢6 phuong trinh tham s6 1an luot 1a:

xX=x,+at x=x,+at d
0 1 0 1 a
d: yy=y,+at vad': {y=y,+ayt’
z=z,+at z=zy+at.
Goi @ = (a,; a,; a;) va @ =(aj; ay; ) lan lugt 1a = d
vecto chi phuong ciad va d'. Hinh 7
.Qs o [
& X, tat=x,+at

Xét hé phuong trinh an 7 va ¢': { y, +a,t = y, +dit’
Zy+at =zy+ast'.
e d va d' cit nhau khi va chi khi hé trén c6 dang mot nghiém.

e d va d' chéo nhau khi va chi khi a , @’ khong cung phuong va hé trén vo nghiém.

Chui y: Bé xét vi tri twong ddi ctia d va d’, trude hét ta kiém tra tinh cung phwong ciia hai
vecto chi phuong cuad vad'.

a) Néu @ va a' cung phuong thi d va d' hoidc song song hodc trung nhau.

b) Néu @ va @’ khong cung phuong thi d va d' hodc cat nhau hodc chéo nhau.



Vidu 7. Xét vi tri twong ddi giira hai dudng thang d va d' trong mdi truong hop sau:

x=t x=1+2¢ x=1+t¢ | 5 0
a)d: <y=1+t vad':{y=2+5 b)d:y=2+tvad" x; :y; :Z; .
z=2+t z=3+1 z=3+t
Giai

a) d va d’ c6 vecto chi phuong lan luot1a @ = (1;1; 1) va @' = (2; 5; 1).

1™ gl S =, .5 ) K r N - 2
Taco o # r suyra @ va a' khong cung phuong. Vay d va d' hoac cat nhau hodc chéo nhau.

t=1+2¢ t=2t'=1 (1)
Xét hé phuong trinh <1+¢t=2+5t' < t-5¢/'=1 (2)
24+t=3+1¢ t—t'=1.  (3)

Tur (1) va (2) suy ra = 1; ¢’ = 0. Thay vao (3) ta thiy phuong trinh thoa mén.
Vay d cit d' tai diém M(1; 2; 3).

b) d va d’ ¢6 vecto chi phuong lan lugt1a @ = (1; 1; 1) va @' = (2; 5; 6).
1 1 N ’ . <z oy
Taco > = 3 suyra @ va a' khong cung phuong. Vay d va d' hoac cat nhau hoac chéo nhau.

x=1+2¢
d' ¢6 phuong trinh tham s6 1a: { y =2+ 5¢'
z=9+6¢".

I+t=1+2¢ t=2t'=0 (1)
Xét h¢ phuong trinh <2+1=2+5t'"<t-5¢'=0 (2)

3+t=9+6t t—6t'=6. (3)
Tir (1) va (2) suy ra £ = 0; ¢'= 0. Thay vao (3) ta thdy phuong trinh khong thoa mén (0 # 6).
Vay d va d' chéo nhau.
Chu y: Cho duong thang d di qua diém M va co vecto chi phuong @, duong thang o'
di qua diém M’ va c6 vecto chi phuong a'.
Ta c6 thé sir dung tich c6 hudng dé xét vi tri twong ddi cua d va d'.

a) Néu [d, a']= 0 thi d@, a@’ cung phuong, suy ra d va d’ hoac song song hoac tring nhau.

M a d
M M' d >
i a d
- d,
M! a’l
a) b)

Hinh 8

51




—

Dé biét d va d’ song song hay tring nhau, ta xét tich c6 huéng [El, MM ’] :
~Néu [a, MM']=0 thid=d

~Néu[a@, MM'|#0 thid// d'.

b) Néu [d, @']# 0 thi a@, a' khong cung phuong, suy ra d va d' hodc cit nhau hodc chéo nhau.
d

b)
Hinh 9

Dé biét d va d’ cit nhau hay chéo nhau, ta xét tich vo huéng [d, a']. MM'. Nguoi ta
chung minh duoc rang:

~Néu [a, @'].MM'= 0 thi d va d' cit nhau.

—Néu [d, a']. MM’ # 0 thi d va d'chéo nhau.

Vi du 8. Xét vi tri twong ddi giira hai duong thang d va d trong mdi truong hop sau:

a)d: {y=2+t vad:y=3+2¢
z=3+t z=4+21
+1 -2 -4 -4 z-2
byd: e =d T2y g IR YT 2R
3 2 1 9 6 3
x=1-t : )
c)d: y=2+tva‘1d’:—x_ Y-z 3
2 3 4
z=-2t
. 2 . ==
da =222 gl y=2+1
2 3 2
z=-21.
Gidi

a) Puong thang d di qua diém M(1; 2; 3) va co vecto chi phuong d= (2; 1; 1),
duong thang d' di qua diém M'(3; 3; 4) va c¢6 vecto chi phuong @' = (4; 2; 2).

Tacod WZ(Z; 1; 1), [5, a"] =0, [5, W] =0, suyrabavecto d, d’, MM’ cung phuong.
Vayd=d'.



b) Puong thing d di qua diém M(—1; 2; 0) va cb vecto chi phuong @= (3; 2; 1), duong
thang d' di qua diém M'(4; 4; 2) va c6 vecto chi phuong @ = (9; 6; 3).

Taco MM '=(5;2;2), [a@, @]=0, [ G MM'|=(2;—1;~4)=0. Vay d // d'.

¢) Puong thing d di qua diém M(1; 2; 0) va co vecto chi phuong a= (-1; 1; —2),
duong thang d' di qua diém M'(3; 0; 4) va c6 vecto chi phuong @' = (2; 3; 4).

Tac6 MM'=(2;-2;4), [a, a']1=(10;0;-5) =0, [d, a'].MM' =0. Vay d va d' cit nhau.
d) Puong thing d di qua diém M(1; 2; 1) va co vecto chi phuong a= (2; 3; 2),
duong thang o' di qua diém M'(1; 2; 0) va c6 vecto chi phuong @' = (~1; 1; -2).

Tacdé MM'=(0;0;-1), [a, a']=(-8;2;5) # 0,[d,d'].MM'=-5%0. Vay dva d' chéo nhau.

@ Xét vi tri twong ddi gitta hai dudng thang d va d’ trong mdi truong hop sau:

=11 2 1
- +
a)d: yy=1-t vad' = =Z=Z—;
4 7 11
z=2-3¢
4 y-1 z- o\ 4 S
B e e e ) O A
1 2 2 S ML~ C

‘&3 Trén phan mém thiét ké chiéc cau treo, cho dudng thang d trén tru ciu va duong thang d’
trén san cau c6 phuong trinh lan luot la:

x=0 o — 1)
d:1y=0 vad:<y=t
z=50+¢ z=50.

Xét vi tri tuong ddi gitra d va d'.

Hinh 10

Diéu kién dé hai dudng thing vuéng goéc

x=4+t x=t
,Q Cho hai duong thang d: { y=1+2¢t vad': {y=T7+4¢
z=1-t z=9¢

a) Tim vecto chi phuong @ va @' lan luot ciiad va d’.

b) Tinh tich v6 huéng a. a'. Tir d6, c6 nhan xét gi vé hai duong thang d va d'?

s3



Trong trudng hop tong quat, ta co:

¥ Cho hai duong thing d va d' co vecto chi phuong lan luot 1a @ = (a;; ay; ay) va

d' =(a; a,; a;). Tacod

dld < ad.d=0<aa + a,a,+ a,a;=0.

Vi du 9. Kiém tra tinh vudng gbc ciia cic cip duong thang sau:

3 i g S
a)d: e Y I g y=T+t
3 5
z=9-81;
b) d: x—2:y—1:z—3 Va‘ld,:x+2:y—7:z—9'
3 5 1 2 1 1

Giai
a) d va d’ c6 vecto chi phuong lan luot1a @ = (3; 5; 1) va @' = (1; 1; -8).
Tacd d.a'=3+5—-8=0.Vay dvad' vudng goc v6i nhau.
b) d va d' ¢ vecto chi phuong lan luot1a @ =(3; 5; 1) va @' =(2; 1; 1).

Tacdé d.a'=6+5+1=0.Vay dvad’ khong vudng goc véi nhau.

@8 Kiém tra tinh vudng goc cua cac cip duong thang sau:

) x=-2+t
a)d: %=%:% vad':Jy=t
z=—-6+2t
b) d- x+2:y+1:z+l vad' x+2:y—5:z—5.
7 3 1 2 2 2

‘“4 Mot phén mém md phong van dong vién = —
dang tap ban sung trong khong gian Oxyz.
Cho biét truc d clia nong sing va coc dd bia d’

c¢6 phuong trinh 1an luot 1a:
x=t x=10

d: yy=20vad': {y=20
z=9 z=1+3¢"

Xét vi tri twong dbi gitta d va d’, ching co
vuong goc voi nhau khong?



3. Géc
Goc gilta hai dudng thing
/@ Cho hai duong thing d va d’ c6 vecto chi phuong lan luot 1a @ = (2; 1; 3) va
a'=(3;2;-3).
a) Nhic lai dinh nghia goc giita hai duong thing d va d’ trong khong gian.
b) Vecto b= (=2; —1; =3) c6 phai 1a mdt vecto chi phuong cia d khong?
¢) Giai thich tai sao ta lai c6 dang thic cos(d, d') = |cos(2i, Ei’)| 2 ‘cos(g, Zi')‘.
d) Néu cach tim cosin ciia goc giita hai dudng thang theo cdsin cua goc giita hai vecto
chi phuong ctia hai duong thang do.

Trong truong hop téng quat, ta co:

¥ Goc giira hai duong thang d va d’ ¢6 vecto chi phuong
lan luot 12 @ = (a,; a,; ;) va @' = (a; a); a,) dugc tinh
bdi cong thirc:

- oy

|a.a

cos(d, d')=|cos(c_i, Zi')|= —
l.|a

|a,. a| +a,. a) +a,. aj

N 2 B 2 ” 2 2
\/al tag Mah.a " TR

Hinh 12

Vi du 10. Tinh gbc gitta hai dudng thang d va d’ trong mdi truong hop sau:

x=1 y+2 z-1 x-1 y+2 z-1

a) d: vad' ;
1 2 1 1 1 2
- A . x=2-2¢
byd: 22 YR _ZE g y=2-
1 2 2
z=1+t;
o)d: <y=—142t vad':y=3+4¢
z=-2—t A=z
Gidi

a) d va d' c6 vecto chi phuong lan luot 13 @ = (1;2; 1) va @'=(1; 1; 2).
, , 1.1+2.1+1.2] 5
Ta co6 cos(d, d")= =—.
VP42 4P P+ 427 6
Suy ra (d, d") = 33°33".




b) d va d' ¢6 vecto chi phuong lan lugt 1a @ = (1;2;2) va @' = (-2; -2; 1).

Ta c6 cos(d, d')=

1.(=2)+2.(-2)+2.]

Suyra(d,d") =~ 63°36'.

VP 427422 \J(-2) +(=2)* + 12

¢) d va d’ co vecto chi phuong lan lugt 1a @ = (1;2; —1) va @' = (2; 4; 10).

[1.2+2.4+(-1).10|

Ta c6 cos(d, d')=

Suy ra (d, d") = 90

% Tinh géc giita hai duong thang d va d’ trong mdi truong hop sau:

- -11
x=7_y_z vad'"

JE+22 4 () 22 41107

a) d:

3 5 4 2 4
. , 1 x=9-10¢
byd T2 YT _ET sl y=7-10¢
3 6 6
z=15+5¢
x=23+2¢ x=24+1
c)d: Sy=57+t vad':{y=6+t
z=19-5¢ pa— "

@; Trén mot phan mém da thiét ké san khau 3D

trong khong gian Oxyz. Tinh goc gilra hai
tia sang c6 phuong trinh lan lugt la:

SRR S T i o N i
2 1 -1 3 3 9

Géc giita dudng thang va mit phang

/C ‘; Cho duong thang d c6 vecto chi phuong 1a @ = (a;; a.; a;)

B s

va mit phang (P) c6 vecto phap tuyén 7 = (n,; n,; ny).
Biét d cit (P) tai diém N va hinh chiéu vudéng goc cia
d 1én (P) 1a duong thang d’. Qua N vé& duong thang A

vuong goc voi (P).

a) Nhic lai dinh nghia goc giita duong thang va mit phang

trong khong gian.

b) C6 nhédn xét gi vé s6 do hai goc o= (d, d'); B = (A, d)?

c¢) Giai thich tai sao ta lai co déng thure:

sin(d, (P))=|cos(d, 7).

x-3 y+6 z-1

3

Hinh 13
A
d
A
n a
B
o d
LN
Hinh 14



Tu 1@, ta co:
& . o S 9 z 7 - S 2 z
Goc gitra duong thang d co vecto chi phuong a = (a,; a,; a;) va mat phang (P) c6 vecto
phép tuyén 7 = (n; ny; ny) dugce tinh boi cong thire:
la.n| |a,.n, +a,.n, +a,.n,|

sin(d, (P))=|cos(a, n)|=———= :
’ oos(@, 7) @)1 \Ja? + a2 + a2 \n? +nl 4

Vidu 11. Tinh goc gitta dudng thang d va mit phang (P) trong mdi truong hop sau:

Cx+2 y+4  z+1

a)d va(P):x+z+24=0;
2 2
x=1+¢

b)d: < y=—1+2¢t va(P): 2x +4y—2z+23=0.
z=-2t¢

Gidi
a) Puong thing d c¢6 vecto chi phuong @ = (2; 2; 1). Mt phiang (P) c¢6 vecto phap tuyén
n=(1;0;1).
Tacé sin(d, (P)= 2.1+2.0+1.]] =
22+ P P+ V2
Suy ra (d, (P)) = 45°.

b) Pudng thang d c6 vecto chi phuong @ = (1; 2; —1). Mat phing (P) ¢ vecto phap tuyén
n=(2;4;-2).

[1.2+2.4+(-1).(-2)| .
JP+22 4 (1) 2P+ 424 (=2
Suy ra (d, (P)) = 90°.

Ta co sin(d, (P))=

Chii y: Néu duong thang d c6 vecto chi phuong ciing phuong véi vecto phap tuyén cia
mat phang (P) thi d vudng goc voi (P).

@’0 Tinh goc giita duong thang d va mit phang (P) trong mdi truong hop sau:

x=11+3¢
a)d: yy=-11+¢t va(P): 6x +2y—4z+7=0;
z=-21-2¢

x-3 y+4 z-5

b)d 5 y va(P):2x+2y—4z+1=0;
+3 +5 +11
c)d:x4 =y4 = Va(P):2y—4z+7=0.

s



@ Trén mot san khiu di thiét 1ap sin
mot hé toa do Oxyz. Tinh goéc gilra
x=2
tia sdng c6 phuong trinhd: < y=1+1¢ va
z=1+t¢

mat san san khau c6 phuong trinh z = 0.

Goc giira hai mat phiang

/\)

290 Cho hai mat phang (P) va (P') cb vecto phap tuyén

lan lugt 1 7 = (n,; ny; ny), i’ = (nf; ny; n).

Goi d va d' 1a hai duong thang 1an luot vudng goc voi
(P) va (P"). Goc giita hai mat phing (P) va (P') 1a goc
giira hai duong thang d va d'.

So sanh cos((P), (P')) va cos(#n, 1"). Hinh 16

Tu z@O, ta co:

¥ Goc giira hai mat phang (P) va (P') c6 vecto phép tuyén lan luot 1a 71 = (n; ny; ny) va
n' = (n; ny; ny) dugc tinh boi cong thirc:

- o ! ! !
|n.n'| |n1.n1+n2.n2+n3.n3|

' - - —V, _
sl 5o - m). 7 n? + 02 +nd \/n'2 +n?+n?
1 2 3 ° 1 2 3

Vidu 12. Tinh géc giita hai mat phang (P) va (P') trong mdi trudng hop sau:
a)(P):x+y—-2z+9=0va(P):3x—5y+z+2024=0;
b)(P):x+y+24=0va(P).y+z+24=0;
c)(P):2x+4y—z+23=0va(P):3x+5y+26z+2025=0.

Giai
a) (P) va (P') c¢6 vecto phap tuyén lan luot 1a # = (1; 1;-2), ' = (3; -5; 1).
L.3+1.(=5)+(-2).]| 4

Ta ¢6 cos((P), (P)) =

S+ 2 B (512 V210
Suy ra ((P), (P')) = 73°59.
b) (P) va (P') c6 vecto phép tuyén lan lugt 1a 7 = (1; 1; 0), #'=(0; 1; 1).
Ta c6 cos(P), (P') = 1.0+1.1+0.1] 1 .
JE+P+0° JOP 4P+ 2
Suy ra ((P), (P")) = 60°.

i s



¢) (P) va (P') c6 vecto phap tuyén lan luot 1a # = (2; 4; —1), i’ = (3; 5; 26).
2.3+4.5+(-1).26|

2, 42 _2\/2 2 2:0'
2P+ (-1 A3 +52 426

Ta c6 cos((P), (P")) =

Suy ra ((P), (P")) = 90°.

Chii y: Néu hai mit phiang (P) va (P') ¢6 hai vecto phéap tuyén vudng goc thi (P) L (P").
Vi du 1,3. Cho hinh chop S.ABCD c6 day ABCD la hinh chit nhat va S4 L (ABCD).
Cho biét AB =2a, AD = 3a va S4 = 2a. Tinh gbc gitra:
a) hai duong thang SC va BD;
b) mit phang (SBD) va mit day;
¢) duong thang SC va mit phang (SBD).

Giai
Chon h¢ toa do Oxyz sao cho cac diém c6 toa dd nhu

sau: A(0; 0; 0), B(2a; 0; 0), D(0; 3a; 0), S(0; 0; 2a).
Trong khong gian Oxyz vira chon, ta c6 C(2a; 3a; 0),

SC = (2a; 3a; —2a); BD = (-2a; 3a; 0).
a) Hai duong thing SC va BD c¢6 vecto chi phuong
lan luot 1a i = (2; 3; -2), ¥=(-2; 3; 0).

Hinh 17

iV 2.(=2)+3.3+(=2).0
Ta c6 cos(SC,BD):'u VJ: 22 24 -
il 15l 22 432 (<22 (-2)* +3°+ 0> 221

Suy ra (SC, BD) = 70°21".
b) Ta c6 phuong trinh mit phang (SBD) theo doan chin 1a Z X Z
2a 3a 2a
hay 3x + 2y +3z—6a = 0.
Mit phang (SBD) c6 vecto phép tuyén 7 = (3; 2; 3), mat day (4BCD) cb vecto phap tuyén
k= (0; 0; 1). Goi a 1a gbc giira mat phang (SBD) va mit day.

5.k [3o+20+31] 3
Al k] V32422432 N0rr0r 42 V22
Suy ra ((SBD), (ABCD)) ~ 50°14'.

¢) Goi B 1a goc gitra dudng thang SC va mat phang (SBD).

Ta cod cosa =

ju.n| 2.3+3.2+(-2).3| 6
ala] 2243+ (-2 342243 V374
Suy ra (SC, (SBD)) ~ 18°4'.

Ta co sinP =

so




Tinh goc gitta hai mat phang (P) va (P') trong mdi trudng hop sau:
a)(P):3x+T7y—z+4=0va(P):x+y—10z+2025=0;
b)(P):x+y—-2z+9=0va(P):3x—-5y+z+2024=0;
¢)(P)ix+z+3=0va(P):3y+3z+5=0.

Cho hinh hop chit nhat ABCD.A'B'C'D'c6 AB =a, AD = 5a va AA'=3a. Tinh goc gitra:
a) hai duong thang AC va BA",

b) hai mat phang (BB'D'D) va (A4A'C'C);

¢) duong thang AC’ va miat phang (4'BD).

1

e,

o

12

',@9‘7 Dé lam thi nghiém vé chuyén dong trong
mat phang nghiéng, ngudi lam thi nghiém
da thiét 1ap san mot hé toa 6 Oxyz. Tinh goc
gitta mat phang nghiéng (P): 4x + 11z +5=0
vamat san (Q):z—1=0.

Hinh 18

BAI TAP

1. Viét phuong trinh tham sé cta duong thang a trong mdi trudong hop sau:
a) Puong thang a di qua diém M(0; —2; —3) va c6 vecto chi phuong @ = (1; -5; 0).
b) Puong thing a di qua hai diém 4(0; 0; 2) va B(3; -2; 5).
2. Viét phuong trinh chinh tic cua dudng thing b trong mdi trudng hop sau:
a) Puong thang b di qua diém M(1; —2; —3) va c6 vecto chi phuong @ = (5; -3; 2).
b) Puong thing b di qua hai diém A(4; 7; 1) va B(6; 1; 5).
x-3 y+3 z-2
3 7

a) Tim mot vecto chi phuong cta d va mot diém trén d.

3. Cho dudng thing d c6 phuong trinh chinh tic

b) Viét phuong trinh tham s cia d.

4. Trong trd choi mo phong ban sing 3D trong khong
gian Oxyz, mot xa tha dang ngam vdi toa do khe ngam
va dau rudi 1an luot 1a M(3; 3; 1,5), N(3; 4; 1,5). Viét
phuong trinh tham s6 cta duong ngam ban cia xa tha
(xem nhu duong thang MN).

Hinh 19



5. Xét vi tri trong d6i gitra cac cip duong thang sau:

x=1+t x=2+21
a)d: ¢ y=—1+2t vad': {y=3+4¢
z=-2+t z =2t

x-1_ y-2 z-3 _ ~x-2 y-1 z-1
= = vad'": = = .

b) d:
1 2 2 1 5 1

6. Viét phuong trinh tham s6 cia duong thing d di qua diém A(1; 0; 1) va song song véi
bR — il
3 2 4
7. Trén phan mém mé phong 3D mot may khoan trong |
khong gian Oxyz, cho biét phwong trinh truc a cia "
mili khoan va mot duong ranh b trén vat can khoan
(Hinh 20) 1an luot la:

=il x=1+4¢

duong thang d':

aqyy=2 vab:iy=2+42¢
z=3t z=06.

a) Ching minh a, b vudng goc va cit nhau.

2

b) Tim giao diém ctia a va b. !
Hinh 2

x—3:y+5:z—7 o x—1:y+7:z—12.
4 2 3 3 6

PR ARV  Z
=

10. Tinh goc gitra hai mit phing (P): 4y +4z+1=0va (P'): Tx + 7z +2 = 0.

8. Tinh goc giita hai duong thang d:

9. Tinh gbc gita dudng thing d: L va mit phang (P): 3y —3z+1=0.

11. Trén mot canh déng dién mat troi, nguoi ta da [
thiét 1ap sdn mot hé toa d6 Oxyz. Hai tim pin
nang luong lan luot nam trong hai mit phang
P):2x+2z+1=0va(P):x+z+7=0.

a) Tinh goc gitra (P) va (P').
b) Tinh goc hop béi (P) va (P') voi miat dét (Q)
c6 phuong trinh z = 0.

Hinh 21

12. Cho hinh lang tru dmg OBC.O'B'C’ ¢6 day la tam giac OBC vudng tai O va c6 OB = 3a,
OC =a, OO'=2a. Tinh gobc giira:

a) hai duong thing BO' va B'C;
b) hai mat phing (O'BC) va (OBC);
¢) duong thang B'C va mit phang (O'BC).




Bai 3. Phuong trinh mat cau

Turkhoa: Toa dd tam ctia mat cau; Ban kinh cia mat cau;
Phuang trinh cia mat cau.

@ Z“

&

Q
8%
<y

X

Ta da biét trén mat phang toa d6 Oxy, phuong trinh dudng tron tam I(a; b),

ban kinh R ¢é dang:
(x—a)+(y-bP=R.

Con trong khdng gian Oxyz, phuong trinh mat cau ¢6 dang nhu thé nao?

1. Phwong trinh mét céu trong khéng gian

Khai niém mat cau
Trong khong gian, cho diém 7 va s6 dwong R. Mit cau tam /,
ban kinh R, ki hiéu S(/; R), 1a tap hop cac diém M trong
khong gian thoa man /M = R. Poan thiang ndi hai diém thudc
mit cau va di qua tim 7 goi 1a dudng kinh ctia mit cau.

Chii y: Cho mit cau S(Z; R).

Néu IM = R thi M nam trén mait cau.
Néu /M < R thi M nam trong mit cau.
Néu IM > R thi M nam ngoai mit cau.

Phuong trinh cila mat cau

ZA

,@ Trong khong gian Oxyz, cho mat cau S(/; R) c6 tim
I(a; b; c) va ban kinh R.

Xét mot diém M(x; y; z) thay doi.
a) Tinh khoang cach IM theo x, y,z va a, b, c.

Hinh 1

b) Néu diéu kién can va dii ctia x, y, z dé diém M(x; y; z)
nam trén mat cau S(Z; R).

O

Hinh 2



a)
Tu /Ci, ta co:

Trong khong gian Oxyz, mit cau (S) tim I(a; b; ¢), ban kinh R c6 phuong trinh 1a:
x—a)l+@y-bl+(Ez—-c)=R.

Vi du 1. Viét phuong trinh mat cau (S):
a) Co tam I(1; 2; 3), ban kinh R = 5;
b) Co duong kinh 4B véi A(1; 3; 7) va B(3; 5; 1);
¢) Co tam A(1; 0; ~2) va di qua diém B(2; 4; 1).
Gidi
a) Mit cau (S) co phuong trinh: (x — 1) + (v — 2)* + (z — 3)* = 25.
b) Mt cau (S) c6 dudng kinh AB nén c6 tam J(2; 4; 4) 1a trung diém cta AB va ban kinh
R=J4 =411,
Vay (S) c6 phuong trinh: (x —2)* + (y — 4)* + (z — 4)* = 11.
¢) Mit cau (S) c6 tam A(1; 0; —2) va di qua diém B(2; 4; 1) nén c6 ban kinh R =AB = J26.
Vay (S) c6 phuong trinh: (x — 1)* +)” + (z + 2)* = 26.

Ql Viét phuong trinh mit cau (S):
a) Co tam /(3; —2; —4), ban kinh R = 10;
b) C6 duong kinh EF v6i E(3; —1; 8) va F(7; -3; 0);
¢) Co tam M(=2; 1; 3) va di qua diém N(2; —3; —4).

6‘1 Trong khong gian Oxyz (don vi cua cac truc toa
do 1a mét), cac nha nghién ctru khi tuong dung
mot phan mém mo phong bé mit ciia mot qua
bong tham khong co dang hinh cau bang phuong
trinh (x — 300)* + (y — 400)* + (z — 2000)* = 1.
Tim toa do tam, ban kinh ctia qua bong va tinh
khoang cach tir tAm ctia qua bong dén mit dat co
phuong trinh z = 0.

Hinh 3

@ a) Trong khong gian Oxyz, cho diém M(x; y; z) thay doi c6 toa do ludn thoa man
phuong trinh x> +y* + 22 = 2x -4y — 6z — 11 = 0. (¥)

i) Bién d6i (*) v& dang: (x — 1> + (y — 2)* + (z — 3)* = 25.

ii) Ching t6 M(x; y; z) ludn thudc mot mit cau (S). Tim tim va ban kinh cia (S).

N

b) Bang cach bién di phuong trinh x> + 12 + 22 — 2x — 4y — 6z + 15 = 0 (**) vé dang
(x— 1)+ (y = 2)* + (z— 3)* = —1, hdy cho biét phuong trinh (**) c6 thé 1a phuong trinh

mit cau hay khong.
s3I



Nhén xét: Phuong trinh x* + > + 22 — 2ax — 2by —2cz +d=0v6ia® + B> + > —d >0 1a

phuong trinh cia mat clu thm I(a; b; c¢), ban kinh R = \/a2 +b*+c*—d.
Vidu 2. Trong cac phuong‘trinh sau, phuong trinh nao 1 phuwong trinh mét cau? Xac dinh
tam va ban kinh cua mat cau do.
a) x>+ )P+ 22+ 8x— 6y +22-10=0; )X’ +y*+ 2 +x+y—62+33=0.
Gidi
a) Phuong trinh x> +1* + 22+ 8x — 6y + 22— 10 =0 c6 dang x* +1* + 22— 2ax — 2by —2cz+d =0
voia=-4;b=3;c=-1;d=-10.
Tacéa’+b*+c*—d=16+9+1+10=36>0.
Suy ra phuong trinh di cho 13 phuong trinh mit cau tim /(—4; 3; —1), ban kinh R = 6.

b) Phuong trinh x> +)? + 22 + x +y— 62+ 33 =0 c6 dang x* +y* + 22— 2ax — 2by —2cz +d =0

V('yia=—l; b=—l; c=3;d=33.
2 2

Taco?+b*+cr—d= l+i+9—33=—477<0.

Suy ra phuong trinh di cho khong phai 13 phuong trinh mit cau.

? Trong cac phuong trinh sau, phuong trinh nao 1a phuong trinh mat cau? Xac dinh tam

L

va ban kinh cua mat cau do.

a)x’+)y +22+4z-32=0; b)x*+)y +22+2x+2y-2z+4=0.

2. Van dung cta phwong trinh méat céu

Phuong trinh mit cau trong khong gian c6 nhiéu Gmg dung trong thiét ké, dinh vi, san xuét, ...

Vi du 3. Cong nghé hd tro trong tai VAR (Video
Assistant Referee) thiét lap mdt hé toa do Oxyz dé theo
ddi vi tri ctia qua bong M. Cho biét M dang nam trén
mit san c¢6 phuong trinh z = 0, ddng thoi thude mit cau
(S): (x—32)* + (y — 50)* + (z — 10)* = 109 (don vi do dai
tinh theo mét).

a) Tim toa do tam / va ban kinh R ctia mat cau (). Hinh 4
b) Tim toa d6 hinh chiéu vuéng goc J ctia tim 7 trén mit san.

¢) Tinh khoang cach tir vi tri M ciia qua bong dén diém J.

Giai 1
a) Mit cau (S) c6 phuong trinh 7
(x—32)*+ (y —50)* + (z — 10)*= 109 e
nén c6 tam /(32; 50; 10) va ban kinh R =~109 . T
Hinh 5



@ Bé miat cia mot bong tham khong dang hinh cau

b) Trong khong gian Oxyz, mit sin c6 phwong trinh z = 0 tring v6i mit phing
toa d6 (Oxy), suy ra hinh chiéu vuéng goc cua diém 7(32; 50; 10) xudng mat sin co
toa do J(32; 50; 0).
c¢) Trong tam giac vudng IJM, ta c6 IJ =10, IM =R, suy ra

M = IM? - [J? =4/109-100 = 3.
Vay khoang cach tir vi tri M ctia qua bong dén diém J 13 3 m.
Vidu 4. Trong khong gian Oxyz (don vi cua cac
truc toa do la kilomét), mot tram thu phat song
dién thoai di dong c6 dau thu phat duoc dat tai
diém I(-6; —1; 4).
a) Cho biét ban kinh phu song cua tram 13 2 km.
Viét phuong trinh mat cau (S) biéu dién ranh gisi
cua vung phu song.

Hinh 6
b) MQt nguoi st dung dién thoai tai diém M(—§ ; —2: 5). Hiy cho biét diém M nam trong
hay ndm ngoai mat cau (S) va ngudi do co thé st dung dugce dich vu cua tram néi trén
hay khong.
¢) Cau hoi twong tu ddi v6i nguoi sir dung dién thoai & diém N(—1; 0; 1).
Gidi

a) Mt cau (S) c6 tim I(—6; —1; 4) va ban kinh R = 2 nén c6 phuong trinh:

x+6) +@HF+1)Y+(z-4)>=4.
b) Ta co6 IM =3 < R, suy ra diém M nam trong mit cau (S) va ngudi do co thé sir dung
duoc dich vu cua tram noi trén.
c) Ta co6 IN =35 > R, suy ra diém N niam ngoai mit cau (S) va ngudi dé khong thé

st dung dugc dich vy cta tram néi trén.

c6 phuong trinh:
x> +y* + 22— 200x — 600y — 4000z + 4099900 = 0.

Tim toa do tam va ban kinh mat cau.

Pau in phun ctia mot may in 3D dang in bé mit cua
mot mit cdu cé phuong trinh:
I 1 1
¥ +y’ +2+—x——y—z+—=0.
8 8 16

Tinh khoang cach tir dau in phun dén tdm mit cau.

Hinh 8




BAI TAP

1.

. Phin mém mo phong thiét bi tham hiém dai duong c6 dang

Viét phuong trinh mat cau (S):

a) Co6 tam 1(7; -3; 0), ban kinh R = §;

b) Co6 tam M(3; 1; —4) va di qua diém N(1; 0; 1);
¢) Co duong kinh AB voi A(4; 6; 8) va B(2; 4; 4).

. Trong cac phuong trinh sau, phuong trinh nao 1a phuong trinh mit cau? Xac dinh tim va

ban kinh ctia mit cau do.
A +y +2+5x-Ty+z-1=0;
b) x>+ + 22+ 4x + 6y — 2z + 100 = 0;

1
)X +y+2—x—-y—z+ 5 =0.

. Cho hai diém A(1; 0; 0) va B(5; 0; 0). Chimg minh rang néu diém M(x; y; z) thoa mén

MA. MB = 0 thi M thuéc mot mit ciu (S). Tim tim va ban kinh cua (S).

hinh cau trong khong gian Oxyz. Cho biét toa do tAm mit cau
1a 1(360; 200; 400) va ban kinh » = 2 m. Viét phuong trinh
mat cau.

Hinh 9

. Nguoi ta mudn thiét ké mot bon chira khi hoa 16ng hinh cau bang phan mém 3D. Cho biét

phuong trinh bé mit cta bon chira 1a (S): (x — 6)> + (v — 6)* + (z — 6)* = 25. Phuong trinh
mit phang chira nap 1a (P): z = 10.

a) Tim tam va ban kinh cua bon chura.

b) Tinh khoang cach tir tim bon chira dén mit phang chira nip.

Hinh 10



BAI TAP CUOI CHUGNG V

CAU HOI TRAC NGHIEM
Chon phwong 4n dung.
1. Cho mit phang (P): x + 2y + 3z — 1 = 0.

Vecto nao dudi day 1a mot vecto phap tuyén

cua (P)?
A.n =(1;3;-1). B.n,=(2;3;-1).

C.n,=(;2;-1). D. n=(1;2;3).

2. Phuong trinh nao dudi day 1a phuong trinh
clia mit phang (Oyz)?
A.y=0.

C.y—z=0.

B.x=0.

D.z=0.

3. Phuong trinh nao dudi day 1a phuong trinh
mat phang di qua diém M(1; 2; —3) va c6
vecto phap tuyén n = (1; —2; 3)?
A.x—2y+3z-12=0.
B.x-2y-3z+6=0.
C.x—2y+3z+12=0.
D.x-2y-3z-6=0.

4. Cho mit phang (P): 3x +4y +2z+4=0

va diém A(1; —2; 3). Khoang cach tir 4 dén
(P) bang

5 5 J5

A —. B.— C. —. D. E
9

J29 29 3

5. Cho ba mit phang (a): x + y +2z+ 1 =0,
B)x+y—-z+2=0va(y:x—y+5=0.
Trong cac ménh dé sau, ménh dé nao sai?

A. (o) L (B). B. (y) L (P).
C. () // (B). D. (o) L (y).

x=2 y-1 z+3

-1 2 1
Vecto nao dudi day 1a mot vecto chi phuong
cuad?

6. Cho duong thing d:

A u=2;1;,-3). B.u,=(-2;-1;3).
C.u,=(-1;2;1). D.u,=(1;2;-1).
7. Phuong trinh nao dudi day l1a phuong trinh
=l 1+ 2f
chinh tic cta dudng thang d: | y =3¢
7 ==
x+1_Z_z—2 Bx—l_z_z+2
AN R Ry R N |
x+1_1_z—2 Dx—l_z_z+2
2 3 =2 1 3 -2
x=-1+2¢
8. Cho duong thang d: { y = —t
z=-2—t

Trong cac duong thang sau, duong thing
nao vudng goc véi d?

x=3 Te=2
Al ayEl1 ' N B iy S8
z =5 z=1+7.
=2 -1
C.d;: e X I
3 2 =5
+2 +1
D.d;: AR A
2 -1 2

9. Cho hai mit phiang (P): 2x—y—z—3=0va
(0): x —z—2 = 0. Goc giita hai mit phang
(P) va (Q) bang
A.30°.  B.45°

C.60°.  D.90".

o



10. Cho mat cau (S):
x+1)*+G-27>+(=z-1)=09.
Toa do tdm / va ban kinh R cua (S) 1a
A.I(-1;2;1)vaR=3.
B. I(1;-2;-1)vaR =3.
C.I-1;2;1)vaR=09.
D.I(1;-2;-1)vaR=09.

11. Mit ciu tim 1(-3; 0; 4) va di qua diém
A(-3; 0; 0) c6 phuong trinh la
A (x-3)P+y +(z+4)*=4.
B.(x-3+y’+(z+4y=16.
C.(x+3)+y*+(z—4)Y=16.
D.(x+3)}+)y" +(z—4)}=4.

BAITAP TU LUAN

12. Cho bbn diém A(1; 0; 0), B(0; 1; 0),
C(0; 0; 1), D(-2; 1; -1).
a) Chung minh 4, B, C, D 1a bon dinh cua
mot hinh chop.
b) Tim goc giita hai duong thang 4B va CD.
¢) Tinh d¢ dai duong cao cua hinh chop
A.BCD.

13. Cho bén diém A(-2; 6; 3), B(1; 0; 6),
C(0; 25 -1), D(1; 4; 0).
a) Viét phwong trinh mat phang (BCD).
Suy ra ABCD 1a mdt tu dién.
b) Tinh chiéu cao AH ciia ti dién ABCD.
¢) Viét phuong trinh mit phang (o) chira
AB va song song véi CD.

14. Phan mém diéu khién
may in 3D cho biét
dau in phun ctua may
dang dat tai diém
M(3; 4; 24) (don vi: cm).
Tinh khoang cach tir dau
in dén khay dat vat in c6
phuong trinh z — 4 = 0.

L

15. Cho hai mit phang (P): x—y—6=0va (Q).

Biét rang diém H(2; —1; —2) 1a hinh chiéu
vudng goc cua gdc toa do O(0; 0; 0) xudng
mat phang (Q). Tinh goc gitta mat phang (P)
va mit phang (Q).

16. Phdn mém cua may tién ki thuat sb

CNC (Computer Numerical Control) dang
biéu dién mot chi tiét may nhu Hinh 2.

a) Tim toa do cac diém 4, B, C, D.

b) Viét phuong trinh mit phang (4BC) va
mit phang (4CD).

¢) Viét phuong trinh tham sb cua dudng
thang AC.

d) Cho biét dau miii tién dang dit tai diém
M(0; 60; 40). Tinh khoang cach tir M dén
mit phang (4BC).

17. Cho hinh h¢p chit nhat OABC.O'A'B'C",

v61 O la géc toa dg, A(2; 0; 0), C(0; 6; 0),
0'(0; 0; 4). Viét phuong trinh:

a) mat phang (0'4C);
b) dudng thang CO*;

¢) mit cau di qua cac dinh caa hinh hop.

18. Cho ba diém A(1; 0; 0), B(0; 2; 0) va

C(0; 0; 3). Chimg minh ring néu diém
M(x; y; z) thod man MA*> = MB* + MC?
thi M thudc mot mat cau (S). Tim tdm va
ban kinh cua (S).



Phén“ THONG KE VA XAC SUAT

a1 R%A XAC SUAT CO DIEU KIEN

Trong chuong nay, chiing ta sé tim hiéu khai niém xac suat cé diéu kién, cac quy tac tinh xac suat lién quan dén
Xac suat co diéu kién va hoc cach van dung cac diéu nay vao mét sé tinh hudng thuc tién.

‘/ 30
‘< 6 ..%
o3 ‘3/7 e

5 \

o= o0 — P(A)P(B|A)
P(A|B) = ————~
6 30 (AIB) E)

Dsén vén Deanb - THPT Nam Tuce - Nam Dink

Thomas Bayes (1701 - 1761)

Hoc xong chuong nay, ban c6 thé:

- Nhan biét dugc khai niém vé xac suat c6 diéu kién.

— Giai thich dugc y nghia clia xac suat co6 diéu kién trong nhimng tinh huéng thuc tién
quen thudc.

- M6 ta dugc cdng thiic xac suat toan phan, cong thic Bayes théong qua bang di liéu
thong ké 2x2 va so doé hinh cay.

- S dung dugc céng thuc Bayes dé tinh xac suat co diéu kién va van dung vao mét s
bai toan thuc tién.

- S dung dugc so d6 hinh cay dé tinh xac suat c6 diéu kién trong mot sd bai toan
thuc tién lién quan tai théng ké.




ai 1. Xac suat c6 diéu kién

Turkhoa: Xacsuat c6 diéu kién; C6ng thiic nhan xac suat.

Ban Thuy gieo mdt con xtic xac can ddi va dong chat.
Néu biét rdng xudt hién mat chan cham thi xac suat
xuat hién mat 6 cham la bao nhiéu?

1. Xdc sudt cé diéu kién

O Hop thr nhat chira 2 vién bi xanh va 1 vién bi d6. Hop thir hai chira 2 vién bi xanh va

e

3 vién bi d6. Cac vién bi c6 cung kich thuéc va khéi lvgng. Ban Thanh 1iy ra ngiu nhién

1 vién bi tir hop thir nhét bé vao hop thir hai, sau d6 lai lay ra ngau nhién 1 vién bi tix

hop thr hai.

Goi A 1a bién cb “Vién bi 13y ra 1an thir nhat 14 bi xanh”;

B 1a bién ¢ “Vién bi lay ra lan tht hai 1a bi do”.

a) Biét rang bién cd A xay ra, tinh x4c suit cta bién c¢d B.

b) Biét ring bién ¢ A khong xay ra, tinh xac suat cua bién cb B.
Trong phép thir trén, ta thiy kha ning xay ra cua bién ¢d B phu thudc vao viéc bién cb A
c6 xdy ra hay khong.

-

¥ Cho hai bién c0 4 va B. Xac suat cta bién co B khi bién c6 4 da xay ra dugc goi la xdc suat

—

ciia B vdi didu ki¢n A, ki hicu 1a P(B| A).

Vidu 1. Mot hop chira ba tAm thé cung loai duoc ghi s6 1an luot tir 1 dén 3. Ban Ha ldy ra
mot cach ngau nhién mot thé tir hop, bo thé d6 ra ngoai va lai 1y ra mot cach ngau nhién
thém mot thé nira. Xét cac bién cd:
A: “Thé lay ra 1an thtr nhat ghi s6 17
B: “Thé lay ra lan thi nhét ghi s6 2;
C: “Thé lay ra lan th hai ghi s6 16”.
a) Xac dinh khong gian mau cua phép thir. Viét tdp hop cac két qua thudn loi cho
mdi bién ¢6 4, B, C.
b) Tinh xé4c suat dé thé ldy ra lan thi hai ghi s6 1¢, biét rang thé lay ra lan thtr nhat ghi s6 1.
¢) Tinh x4c suét dé thé 14y ra 1an thir hai ghi s 1¢, biét rang thé 14y ra 1an thi nhét ghi s6 2.
Gidi

a) Khong gian mau ctia phép thur:

Q= {(1;2); (1;3); (2; 1); (2: 3); (35 1); (35 2)},
trong do (i; /) 1a két qua 1an tht nhit 1y duoc thé ghi s6 7, 1an tht hai 1ay duoc thé ghi s6 /.



@

@

Tap hop cac két qua thuan loi cho bién ¢b 4 1a: {(1; 2); (1; 3)}.
Tap hop cac két qua thuan loi cho bién ¢b B 1a: {(2; 1); (2; 3)}.
Tap hop cac két qua thudn loi cho bién ¢b C1a: {(2; 1); (3; 1); (1; 3); (2; 3)}.
b) Khi bién cb 4 xay ra thi gét qua cta phép thu 1 (1; 2) hoge (1; 3). Trong hai két qua
dong kha ning nay chi c6 két qua (1; 3) 1a thuan 1gi cho bién co C.
Vay xéc suat dé thé 1ay ra 1an thir hai ghi s6 1¢, biét rang thé ldy ra lan tht nhat ghi s 1
la P(C|A) = l
2

¢) Khi bién cb B xay ra thi két qua cta phép thir 1a (2; 1) hodc (2; 3). Ca hai két qua nay
déu thuan loi cho bién co C.
Viy x4c suat dé thé 14y ra lan tht hai ghi s 1&, biét rang thé 14y ra lan thir nhat ghi s 2
la P(C|B)=1.

Xét phép thir ldy thé & Vi du 1. Goi D 1a bién c¢6 “Thé 1ay ra lan thir hai ghi s6 16n hon 1.

Tinh P(D|A) va P(D|B).
Vidu 2. Cau lac bo cd clia nha truong gom 35, thg‘lnh vién, mdi thanh Viér} biét choi it nhat
mat trong hai mon co vua hodc co tudng. Biét rang c6 25 thanh vién biét choi co vua va
20 thanh vién biét choi cc‘r,tu(’mg. Chon ngﬁq n}}ién 1 thanh vién cua géu lac bd. Tinh xac suat
thanh vién dugc chon bi€t choi cd vua, bi€t rang thanh vién d6 bict choi co tudng.

Gidi

Goi 4 1a bién cb “Thanh vién dugc chon biét choi cd tudng” va B 1a bién ¢d “Thanh vién
duoc chon biét choi ¢o vua”.
S6 thanh vién cua cau lac bo biét choi ca hai mon cd 1a 20 + 25 — 35 = 10.
Do d6, trong s6 20 thanh vién biét choi cd tudng, c6 ding 10 thanh vién biét choi co vua.

Vay nén xac suat thanh vién dugc chon biét choi co vua, biét rang thanh vién do biét choi

10
ctr tuéng 1 P(B|4) = —5=0,5.

Xét phép thir & Vi du 2. Tinh x4c suat thanh vién duoc chon khong biét choi cd tudng,
bict rang thanh vién do6 biét choi co vua.

@1 Tinh xdc suét c6 diéu kién & (») (trang 70).

2. Cdng thire tinh xdc sudt cé diéu kién

4

() Gico dong thot hai con xtic xdc can doi va dong chat. Goi

2

A 1a bién ¢b “Xudt hién hai mat c6 cung s6 chAm”, B la
bién cb “Téng s6 chdm cua hai mat xuét hién bé“mg 8’ va
C 1a bién cb “Xuét hién it nhat mot mat ¢ 6 chdm”.
P(ANB)
P(B)

P(C A)
P(4)

a) Tinh va P(A|B).

b) Tinh va P(C|A).
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/Ci , ta nhan théy

PUACE) _ b 41y o PEOD

2 = P(C| A).

Mot céach tong quat, ta c6 cong thirc tinh xdc sudt co diéu ki¢n nhu sau:

¥ Cho 4 va B 1a hai bién ¢, trong d6 P(B) > 0. Khi d6

—

P(ANB)

P(A|B) = rB)

Chay:
a) Ta ciing ki hiéu bién cb giao ctia hai bién c6 4 va B 1a AB.
b) Trong thuc té, ngudi ta thudng dung ti 16 phan trim dé mo ta xac suat. Chang han,
phat biéu “Kha nang xay ra mot sy kién 1a 20%” ciing c6 nghia 1a “Xac suat xay ra sy kién
d6 12 0,27, phat biéu “Ti 1é phé pham ciia mot 16 hang 1a 5%” ciing c6 nghia 1a “Néu chon
ra ngau nhién 1 san pham tir 16 hang, x4c suit san pham d6 1a phé pham 1a 0,05”.
Vi du 3. Mot cong ty bao hiém nhan thdy c6 48% sd ngudi mua bao hiém 6 t6 1a phu nir va
¢ 36% s ngudi mua bao hiém 6 6 1a phu nir trén 45 tudi. Biét mot ngudi mua bao hiém
6 t0 1a phu nit, tinh xac suat nguoi d6 trén 45 tudi.

Gidi
Goi 4 12 bién ¢6 “Nguoi mua bao hiém 6 t6 13 phu nit”, B 14 bién c¢b “Ngudi mua bao hiém
6 t0 trén 45 tudi”. Ta can tinh P(B|A).
Do c6 48% ngudi mua bao hiém 6 to 1a phu nit nén P(4) = 0,48.
Do ¢6 36% s6 ngudi mua bao hiém 6 t6 1a phy nit trén 45 tudi nén P(4B) = 0,36.
P(4AB) 0,36

=== -0,75.
P(4) 0,48

Vay P(B|4)=

Chuay:
— TUr cong thite xac suit c6 diéu kién, véi P(B) > 0, ta c6 P(4B) = P(B) P(4|B).
— Trong trudng hop tong quat, ngudi ta chirng minh dugc ring

P(AB) = P(B)P(A|B).
Cong thue trén duoc goi 13 céng thive nhén xdc sudt cho hai bién ¢ bt ki.
Vi du 4. Cho hai bién c6 4 va B c¢6 P(4) = 0,3; P(B) = 0,5 va P(A|B) = 0,4. Tinh P(AB)
va P(A|B).

Gidi

Theo cong thirc nhan xac suét, ta c6 P(4B) = P(B)P(4|B) = 0,2.
Vi AB va AB 14 hai bién cb xung khic va 4B U AB = B nén theo tinh chit ciia x4c suét,
ta c6 P(AB)=P(B)—P(4B)=0,3.



Theo cong thirc tinh xac suat c¢6 diéu kién,

_P(4B) 0,3 _
~ P(B) 0,5

P(A|B) 0,6.

Chuy: y B
a) Vi moi bién cb ngdu nhién 4 va B, trong d6 P(B) > 0,
tacod

Hinh 2

P(A|B)=1-P(A|B).
b) Néu 4 va B 14 hai bién c¢b doc lap, trong d6 0 < P(B) < 1, ngudi ta chimg minh duoc ring
P(A4|B) = P(A|B) = P(4).

Tir dang thic trén, ta thiy khi 4 va B doc 1ap thi viéc bién cd B xay ra hay khong xay ra
khong 1am anh hudng dén xac suét ciia bién c6 4.

Mot nhom 5 hoc sinh nam va 4 hoc sinh nit tham gia
lao dong trén san truong. Co gido chon ngau nhién
dong thoi 2 ban trong nhém di tudi cay. Tinh x4c suét
dé hai ban dugc chon c6 cung gidi tinh, biét réng co
it nhét 1 ban nam duoc chon.

Két qua khao sat nhitng bénh nhén bi tai nan xe may vé
mdi lién hé giira viéc doi mil bao hiém va kha nang bi
chén thuong ving dau cho thay:

— Ti 18 bénh nhan bi chin thwong ving dau khi gip
tai nan l1a 80%;

— Ti 18 bénh nhan d6i mii bao hiém dung cach khi gap
tai nan l1a 90%;

— Ti 1& bénh nhan doi mil bao hiém dung cach bi chan
thuong vung dau 13 18%.

Hinh 4

Hoi theo két qua dicu tra trén, viéc do1 mil bao hiém ding cach s€ lam giam kha nang bi
chan thuong vung dau bao nhiéu lan?

3. So dd hinh cay

S

Ban Viét chuan bi di tham quan mot hon dao trong hai ngay th Bay va Chua nhat.
O hon dao d6, mdi ngay chi c6 ning hodc muwa, néu mot ngay 1a nang thi kha nang xay
ra mua & ngay tiép theo 1a 20%, con néu mot ngay 1a mua thi kha ning ngay hom sau
van mua 13 30%. Theo dy bao thoi tiét, xac sudt troi s& nang vao thi Bay 14 0,7.




—

Hay tim cac gia tri thich hop thay vao & so do hinh cay sau:
Thur Bay Chu nhat

Ning
0,7 Néﬂg <
0,2 Mua

9

Néng
Mua <
0,3 Mua

O 3, goi 4 1a bién cb “Ngay thit Bay troi ning” va B 1a bién ¢ “Ngay Chu nhat troi mua”.
Ta ¢6 P(4) = 0,7; P(B|4) = 0,2; P(Bl4)=0,3.
Do d6 P(A) =1~ P(4)=0,3; P(B|4) = 1 - P(B|4) = 0.8; P(B|4) = 1~ P(B| 4)=0,7.
Ap dung cong thirc nhan xac suét, ta c6 xac suét troi nang vao thir Bay va troi mua vao
Chu nhat 1a

P(AB) = P(A)P(B|A)=0,7.0,2=0,14.
Tuong tu, ta co

P(AB) = P(A)P(BJ4)=0,7.0,8=0,56;

P(AB) = P(A)P(B|A)=0,3.0,3=0,09;

P(AB) = P(A)P(B|4)=0,3.0,7=0,21.

Ta c6 thé biéu dién cac két qua trén theo so d6 hinh cay nhu sau:

Thir Bay Chu nhat Két qua Xéc suat
B AB 0,56
0,2 B AB 0,14
0,7 B AB 0,21
03] 7]
03 B AB 0,09

Nhdn xét: Trén so d0 hinh cay:

— Xéc sudt ciia cac nhanh trong so d6 hinh cay tir dinh thir hai 13 x4c suét c6 diéu kién.

— Xac sudt xay ra cuia mdi két qua bang tich cac xac suit trén cac nhanh cua ciy di dén
két qua do.

Vi du 5. O mdt san bay, ngudi ta sit dung mot loai may soi tu dong phat hién hang
cam trong hanh li ki giri. May phat chudng canh bao véi 95% céc kién hanh 1i c6 chtra
hang ciAm va 2% cac kién hanh 1i khong chtra hang cAm. Ti 1& cac kién hanh li ¢6 chira
hang cam 13 1%.



=

Chon r}gﬁu nhién II,l(?)t l’<ién hanh li dé soi bang méy trén. Str dung so do hinh cay, tinh
X4c suat cua cac bién co:
M: “Kién hanh li c6 chira hang cAm va mdy phét chudng canh bao”;
N: “Kién hanh 1i khong chira hang cAm va may phat chudng canh bao”.
Gidi

Goi A 1a bién ¢ “Kién hanh li ¢6 chira hang cAm” va B 1a bién c¢6 “May phét chudng
canh bao”. Ta co

P(B|4)=0,95; P(B|4)=0,02; P(4)=0,01.
Do d6 P(A)=1-P(A4)=0,99; P(B|4) =1~ P(B|4)=0,05; P(Bl 4)=1-P(B|4) =0,98.

Ta c6 so do hinh cay nhu sau:

0,95 B AB 0,0095
0,01 /A /

005| ~= 3 4B 0,0005

ZB AB 0,0198

0,98 B AB 0,9702
Do M = AB nén P(M) = P(AB) = 0,0095.
Do N= AB nén P(N)= P(AB)=0,0198.
Hop thir nhat c6 4 vién bi xanh va 6 vién bi do. Hop thir hai c6 5 vién bi xanh va
4 vién bi d6. Cac vién bi c¢6 cung kich thudc va khdi lwong. Lay ra ngau nhién 1 vién bi

tir hop tht nhéat chuyén sang hop tha hai. Sau d6 lai 14y ra ngau nhién 1 vién bi tir hop
thtr hai.

Str dung so d6 hinh cy, tinh xac suat ctia cac bién cb:

A: “Vién bi lay ra tir hop thir nhat c6 mau xanh va vién bi liy ra tir hop thir hai c6 mau d6™;
B: “Hai vién bi lay ra c6 cting mau”.

Mot truong dai hoc tién hanh khao sét tinh trang viéc lam sau khi tot nghiép ctia sinh vién.
Két qua khao sat cho thdy ti 1é nguoi im dugc viéc 1am dung chuyén nganh 1a 85%
d6i v6i sinh vién tot nghiép loai gidi va 70% ddi vai sinh vién tét nghiép loai khac.

Ti 18 sinh vién tot nghiép loai gioi 1 30%. Gap ngiu nhién mot sinh vién da tt nghiép
cua truong.

St dung so dd hinh cay, tinh xac suat cia cac bién cb:

C: “Sinh vién t6t nghiép loai gioi va tim dugc viéc lam ding chuyén nganh”;

D: “Sinh vién khong t6t nghiép loai gioi va tim duoc viéc lam dung chuyén nganh”.
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BAI TAP

. Mot thu vién c6 35% tong sd sach 1a sach khoa hoc, 14% tong s sach 1a sach khoa hoc

ty nhién. Chon ngau nhién mot quyén sach cia thu vién. Tinh xac suat dé quyén sach duoc
chon 1a sach khoa hoc ty nhién, biét rang d6 1a quyén sach vé khoa hoc.

2. Cho hai bién ¢b 4 va B ¢6 P(4) = 0,4; P(B) = 0,8 va P(A|B) =0,5. Tinh P(AB) va P(AB).

3. Méi ban hoc sinh trong 16p ctia Minh lya chon hoc mot trong hai ngoai ngir 1a tiéng Anh

B

hoic tiéng Nhat. Xac suat chon tiéng Anh ctia mdi ban hoc sinh nit 13 0,6 va ctia mdi ban hoc
sinh nam 1a 0,7. Lép ctia Minh ¢6 25 ban nit va 20 ban nam. Chon ra ng'?lu nhién mot ban
trong 16p.

Str dung so d6 hinh cy, tinh x4c suat cta cac bién cb:

A: “Ban duoc chon la nam va hoc tiéng Nhat”;

B: “Ban duoc chon 14 nit va hoc tiéng Anh”.

. May tinh va thiét bi luu dién (UPS) duoc két ndi

nhu Hinh 5. Khi xdy ra sy ¢6 dién, UPS bi hong véi
xac suat 0,02. Néu UPS bi hong khi xay ra su c¢6 dién,
may tinh s€ bi hong vdi xéc suat 0,1; nguoc lai,
néu UPS khong bi hong, méy tinh s& khong bi hong.

a) Tinh x4c suit dé ca UPS va may tinh déu khong
bi hong khi xay ra sy c6 dién.

Hinh 5

b) Tinh x4c suat dé ca UPS va may tinh déu bi hong
khi xdy ra sy cd dién.

ai 2. Cong thiic xac suat toan phan
va cong thuc Bayes

e

Tit khoa: Cong thitc xac suat toan phan; Cng thiic Bayes.

@ Mot loai xét nghiém nhanh SARS-CoV-2 cho i e
két qua duoeng tinh véi 76,2% cac ca thuc su Eouy,,
nhiém virus va két qua am tinh véi 99,1% cac .
ca thuc su khong nhiém virus (nguén: https:/
tapchiyhocvietnam.vn/index.php/vmj/article/
view/2124/1921). Gia st ti & nguoi nhiém virus
SARS-CoV-2 trong mét céng dong la 1%. Mot
ngudi trong cong dong d6 lam xét nghiém va
nhan dugc két qua duong tinh. Héi kha nang
ngudi d6 thuc su nhiém virus la cao hay thap?




1. Céng thirc xac sudat toan phan

G Chi An tra 161 hai cau hoi. Xac suét tra 10i dung ciu hoi q
thu nhit 13 0,7. Xéc sut tra 101 dGng cau hoi thir hai la O 9 j;
néu chi An tra 10 ding cau hoi th nhét va 13 0,5 néu S 7

chi An khong tra 161 dung cau hoi thir nhat.
Goi 4 12 bién ¢ “Chi An tra 10i ding cau hoi thir nhat”
va B 1a bién c¢b “Chi An tra 16i dung cau hoi thir hai”. Hinh

Hay tim céc gi tri thich hop dién vao cac 6 [ 2] ¢ so dd hinh cdy sau:
Cau hoi thi nhat Cau hoi thirhai Két qua Xéc suat
AB 0,63

B :
A <
B AB
0,5<: B AB 0,15
B AB
Ta thay bién c6 B 1a hop cua hai bién ¢ xung khac AB va AB. Do d6

P(B) = P(4AB) + P(4B) = 0,63 +0,15=0,78.

Mot cach tong quat, ta co

N

® Cho hai bién ¢ 4 va B véi 0 < P(B) < 1. Khi d6
P(A)= P(B)P(AlIB)+ P(B)P(AlB)

goi la cong thirc xdc suat toan phan.

Chuiy: Cong thirc xac suat toan phan ciing dung voi bién cd B bat ki.
Vidu 1. Trong (»), hdy tinh x4c suit ngudi 1am xét nghiém c6 két qua duong tinh.
Gidi

Goi A 1a bién c6 “Nguoi lam xét nghiém cé két qua duong tinh” va B 1a bién ¢
“Nguoi lam xét nghiém thuc sy nhiém virus”.
Do xét nghiém cho két qua duong tinh vé&i 76,2% cac ca thyc sy nhiém virus nén
P(A4|B) =0,762.
Do xét nghiém cho két qua am tinh v&i 99,1% cac ca thuc sy khong nhiém virus nén
P(A|B)=0,991. Suy ra -

P(AB)=1-0,991=0,0009.
Do ti 16 nguoi nhim virus trong cong ddng 13 1% nén P(B) = 0,01 va P(B) =0,99.
Ap dung cong thirc x4c suat toan phan, ta c6 xac sudt ngudi 1am xét nghiém c6 két qua

duong tinh la B B
P(A)=P(B)P(AB)+ P(B)P(AB)=0,01.0,762+0,99 . 0,009 =0,01653.
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@ Vao mdi budi sang & tuyén phd H, xac suit xay ra
"1 4 duong khi troi mua va khong mua lan lugt 13 0,7
va 0,2. X4c sut c6 mua vao mdt budi sang 1a 0,1.
Tinh xac suat dé sang d6 tuyén phd H bi tic duong.

2. Cong thirc Bayes

,Q Khao sat thi lyc cua 100 hoc sinh, ta thu dugc bang s6 liéu sau:

Gidi tinh
Nir Nam
Thi luc
Co tat khuc xa 12 18
Khong c6 tat khac xa 38 32

Chon ngau nhién 1 ban trong 100 hoc sinh trén.

a) Biét ré“mg ban d6 c6 tat khuc xa, tinh xac suit ban d6 1a hoc sinh nam.

b) Biét réng ban d6 1a hoc sinh nam, tinh xéac suit ban dé co tat khuc xa.
Bang sb liéu trén duoc goi 13 bdng s6 liéu 2 x 2. Tix bang s6 liéu, ta thay c6 50 hoc sinh nam
va 50 hoc sinh nir tham gia khao sat, trong d6 c6 12 + 18 = 30 hoc sinh c6 tat khic xa va
38 + 32 =70 hoc sinh khong c6 tat khuc xa.
Goi 4 14 bién ¢b “Hoc sinh duge chon bi tat khiic xa” va B 1a bién ¢b “Hoc sinh dugce chon
1a ni”. Tir bang sb liéu trén, ta tinh dugc cac xac suat sau:

12418 12+38

P(A) 0,3; P(B)= G

0,5, P(AB)=-2 0,12,
100

Hon nira, ta cling tinh dugc cac xac suat c6 dicu kién sau:

= =0,24; P(BlA):L:OA.
12+38 12+18

P(AlB) =

Tur day suy ra
P(B)P(AB) 0,5.0,24

=0,4=P(Bl A),
P(A) 0,3

va
P(A)P(B|4) 0,3.0,4

=0,24 = P(AlB).
P(B) 0,5

Mot cach tong quat, tir dinh nghia xac suét c6 didu kién véi P(4) > 0, ta c6
P(B)P(A|B)

P(B|4) = 00



Két hop cong thirc trén véi cong thire x4c suit toan phan, ta c6:

-~

"% Gia sir 4 va B 1a hai bién ¢é nglu nhién thoa man P(4) > 0 va 0 < P(B) < 1. Khi do,
P(B)P(A|B)
P(B)P(A|B)+ P(B)P(A|B)

goi la cong thirc Bayes.

P(B|A4)=

P(B)P(A4|B)
P(4)

Vi du 2. Mot nha may c6 hai phan xuong I va I1. Phan xudng I san xuat 40% s6 san pham

va phan xudng II san xuit 60% s6 san pham. Ti 1¢ san pham bi 16i ctia phan xudng I

1a 2% va cua phan xudng 11 1a 1%.

Chuy:Voi P(A4)> 0, cong thuc P(B|A) = cling dugc goi la cong thire Bayes.

a) Kiém tra ngiu nhién 1 san pham ctia nha méy va tinh xac suat dé san pham do6 bj 15i.
b) Bié't’ rang san pham duoc chon bi 16i. Hoi xac sudt san phim d6 do phan xudng nao
san xuat cao hon?
Giai
a) Goi A 1a bién ¢ “San pham bi 16i” va B 14 bién ¢ “San pham lay ra do phan xudéng I
san xuat”.
Do phan xudng I san xuét 40% sb san pham v phan xudng I1 san xudt 60% s san pham nén
P(B)=0,4va P(B)=1-0,4=0,6.
Do ti 1& san pham bi 1i ctia phan xudng I 13 2% va cua phan xudng I 14 1% nén
P(AB)=0,02 va P(AB)=0,01.
Xac suat dé san pham ly ra bi 15i 1a
P(A) = P(B)P(A|B) + P(B)P(AB) =0,4.0,02 +0,6.0,01 =0,014.
b) Néu san pham 4y ra bi 15i thi xac sudt san pham d6 do phan xuong I san xut 1a
P(B)P(4B) _0,4.0,02 4
P(A4) 0,014 7

Néu san pham lay ra bi 16i thi xac suat san pham d6 do phan xuong II san xut 1a

P(BlA) =

P(B|A)=1-P(B|A) = %
Vay néu san pham ly ra bi 131 thi x4c suit san pham d6 do phan xudng I san xuat cao hon
xé4c suat san pham d6 do phan xudng II san xuét.

Vi du 3. Trong @, mot nguoi lam xét nghiém va nhan dugc két qua duong tinh.

Tinh xé4c suit nguoi d6 thuc sy nhiém virus (két qua lam tron dén hang phan nghin).
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@ Khi phat hién mot vat thé bay, xac sudt mot hé théng radar phat

Ngudi ta didu tra thdy & mot dia phuong no co 2% tai xé

BAI TAP

1.

Giai
Str dung ki hi€u cac bién ¢b nhu ¢ Vidu 1.
Xac suat mot nguoi thyc sy nhidém virus khi ngudi d6 co két qua xét nghiém duong tinh
la P(B|A). Tacd
P(B)P(4B) 0,01.0,762

P(B|4) =
P(A) 0,01653

~0,461.

canh bao 13 0,9 néu vat thé bay d6 1a muyc tiéu that va 1a 0,05
néu d6 1a myc tiéu gia. Co 99% cac vt thé bay 1a muc tiéu gia.
Biét rang hé thong radar dang phat canh bao khi phat hién mot
vat thé bay. Tinh x4c suit vat thé d6 1a muc tiéu that.

sir dung dién thoai di dong khi 14i xe. Trong cac vu tai nan &
dia phuong d6, ngudi ta nhan thay c6 10% la do tai xé co sir dung
dién thoai khi lai xe gay ra. Héi viéc su dung di¢n thoai

di dong khi l4i xe 1am ting x4c suat gay tai nan 1én bao nhiéu lan?

Hinh 4

Hop thir nhit ¢6 3 vién bi xanh va 6 vién bi do. Hop thir hai c¢6 3 vién bi xanh va 7 vién bi do.

Céc vién bi c6 cung kich thudc va khéi luong. Lay ra ngdu nhién 1 vién bi tir hop thir nhét

chuyén sang hop tht hai. Sau d6 lai lay ra ngau nhién dong thoi 2 vién bi tir hop thir hai.

a) Tinh xac suat dé hai vién bi lay ra tir hop thir hai 1 bi do.

b) Biét rang 2 vién bi ldy ra tir hop thir hai 1 bi do, tinh x4c suat vién bi ldy ra tir hop
thir nhét ciing 13 bi do.

. Trong mdt truong hoc, ti 1€ hoc sinh nit 1a 52%. Ti I¢ hoc sinh nir va ti 1¢ hoc sinh nam

tham gia cau lac b ngh¢ thuat lan luot 13 18% va 15%. Gap ngéu nhién 1 hoc sinh cua truong.
a) Tinh xac suét hoc sinh d6 c6 tham gia cau lac bo ngh¢ thuat.
b) Biét réng hoc sinh ¢6 tham gia cau lac by ngh¢ thuat. Tinh xac suét hoc sinh d6 13 nam.

. Ti 1& ngudi dan da tiém vic xin phong bénh A & mot dia phuong 13 65%. Trong s6 nhing

ngudi da tiém phong, ti 1¢ mac bénh A 1a 5% con trong sé nhitng nguoi chua tiém, ti 18
miac bénh A 13 17%. Gap ngiu nhién mot nguoi ¢ dia phuong do.

a) Tinh xac suat ngudi d6 méc bénh A.

b) Biét rang ngudi d6 mic bénh A. Tinh x4c suit ngudi d6 khong tiém vic xin phong bénh A.

4. O mot khu rung no c¢6 7 chu lun, trong d6 c6 4 chu ludn ndi that, 3 chl con lai néi that véi

xéac suét 0,5. Ban Tuyét gip ngau nhién mot chi lun. Goi 4 1a bién ¢d “Chua lin d6 ludn
noi that” va B 1a bién c¢o “Chu lun d6 tu nhan minh lu6n noi that”.

a) Tinh x4c sut cia cac bién cd 4 va B.

b) Biét réng chu Iun ma ban Tuyét gdp tu nhan minh 1a nguoi ludn noi that. Tinh xéc suét dé
chu Iun d6 ludn noi that.



BAI TAP CUGI CHUGNG VI

CAU HOI TRAC NGHIEM
Chon phwong an dung.

1. Cho hai bién ¢6 4 va B cb6 P(4) = 0,8;
P(B)=0,5va P(AB)=0,2.

a) X4c suat cua bién ¢o A voi diéu kién B la

A.04. B.0,5. C.0,25. D.0,625
b) Xac suat bién ¢ B khong xdy ra véi

diéu kién bién cb 4 xay ra la
A.0,6. B.05.

C.0,75. D.0,25

¢) Gia tri cta biéu thirc
P(4|B) P(B|4)
P(A4) P(B)

A.-0,5. B.O. C.0,5. D. 1.

2. Mot nha may thuc hién khao séat toan bg
cong nhan vé sy hai 1ong cua ho vé diéu kién
lam viéc tai phan xuong. Két qua khao sat
nhu sau:

Hai long | Khong hai long
S6 cong nhan 37 13
phén xuéng I
S6 cong nhan 63 27
phéan xudéng I1

Gap ngau nhién mot cong nhan ctia nha may.
Goi A4 1a bién c6 “Cong nhan do lam viéc tai
phan xudng [’ va B 1a bién ¢6 “Cong nhan do
hai long véi diéu kién 1am viéc tai phan xudng”.

a) Xac suat cua bién co A4 1a

37 37 ) 1
R — . C.—. B
140 50 14 2
b) X4c suit ctia bién cb 4 v6i diu kién B la
A.037. B.0,5. C. < D. i
50 14

¢) Xéac suat cua bién co B voi dieu kién 4
khong xay ra la

A. z B. 0,9. C.0,7. D. i
J 20

3. Cho so db hinh cay duéi day.

B
B
B
i
0,4 B

a) Xac suat cua bién c6 ca 4 va B déu khong
xay ra la

A.032. B.04  C.08.  D.092.
b) XAc suat ctia bién cb B 1a

A.042. B.0,62. C.028. D.048.
¢) Xac suat diéu kién P(4|B) 1a

AL B0 C-L Do

31 50
d) Gié tri cita biéu thire LLALB) 1,
P(4)
A.048. B.03. C.0,5.  D.O0,6.

o1



BAITAP TU LUAN

4. Mot khu dan cu c6 85% céc hg gia dinh su
dung dién dé dun nAu. Hon nita, c6 21%
cac ho gia dinh sir dung bép tir dé dun nau.
Chon ngﬁu nhién mot ho gia dinh, tinh
xac suat ho do su dung bép tir dé dun ndu,
biét ho d6 sir dung dién dé dun néu.

5. Cho hai bién cb ngau nhién 4 va B. Biét
rang P(A|B) = 2P(B|A) va P(AB) # 0.

P(A)

Tinh ti sb .
P(B

6. Phong cong nghé ciia m{t cong ty cd
4 ki su va 6 ki thuat vién. Chon ra ngau nhién
dong thoi 3 nguoi tir phong. Tinh xac suat
dé ca 3 nguoi dugc chon déu 1a ki su,
biét ring trong 3 ngudi duoc chon co it nhét
2 ki su.

7. C6 hai cai hop gidng nhau, hop thtr nhat
chtta 5 qua bong ban mau tring va 3 qua
bong ban mau vang, hop thtr hai chira 4 qua
béng ban mau tring va 6 qua béng ban
mau vang. Minh ldy ra ngiu nhién 1 qua
bong tir hop thir nhat. Néu qua bong do
1a bong vang thi Minh lay ra ngiu nhién
dong thoi 2 qua bong tir hop thir hai, con
néu qua bong d6 mau tring thi Minh iy ra
ngiu nhién dong thoi 3 qua bong tir
hop thr hai.

a) Str dung so d6 hinh cy, tinh xac suat dé
c6 ding 1 qua bong mau vang trong cac
qua bong 14y ra tir hop thir hai.

b) Biét rang cac qua bong lay ra tir hop
thir hai déu c6 mau trang. Tinh xéc suat dé
qué bong 1ay ra tir hop thir nhat c6 mau vang.

—

8. Hop thtr nhat ¢6 1 vién bi xanh va 5 vién
bi dé. Hop thur hai c¢6 3 vién bi xanh va
5 vién bi do. Céac vién bi c6 cung kich thudc
va khoi luong. Lay ra ngau nhién dong thoi
2 vién bi tir hop thir nhat chuyén sang hop
thir hai. Sau d6 lai 1y ra ngiu nhién 2 vién
bi tir hop thi hai.

a) Tinh xé4c suét dé hai vién bi ldy ra tir hop
thir hai 1a bi do.

b) Biét rang 2 vién bi 1ay ra tir hop thi hai
13 bi d6. Tinh xé4c suat dé 2 vién bi 1dy ra tir
hop thir nhét ciing 1a bi do.

9. Mot doanh nghiép c6 45% nhan vién la ntr.
Ti 1€ nhan vién nit va ti 1€ nhan vién nam
mua bao hiém nhan tho lan luot 1a 7%
va 5%. Gip ngau nhién mot nhan vién cua
doanh nghiép.

a) Tinh x4c suat nhan vién d6 c6 mua
béo hiém nhén tho.

b) Biét rang nhan vién d6 c6 mua bao
hiém nhén tho. Tinh x4c suit nhan vién do
la nam.

Hinh 1



HOAT DONG THUC HANH VA TRAI NGHIEM

Bai 1. Tinh gia tri gan dang tich phan bang may tinh cam tay

MUC DiCH
— Thuc hanh sir dung may tinh cim tay dé tinh gia trj gan dung cua tich phan xac dinh.
—On tap va minh hoa gia tri cua tich phan xac dinh.
CHUAN BI
— May tinh cam tay.
—Sach gido khoa Toan 12, tap hai — bd sach Chan troi sang tao.
HUGNG DAN CHUC NANG CUA MAY TiNH CAM TAY

2 . b A r 14
beé tinh tich phan xéac dinh _[ f(x)dx ta thyc hién cac thao tac sau:

1. An phim dé chon phép toan tich phan o 8

xac dinh: (/=) J‘DD A
2. Nhap ham sd f{x). 0
3. Nhap hai cén tich phéan: a, b.

4. Tinh gi4 tri gan dang cta tich phan xé4c dinh. Hinh 1

TO CHUC HOAT PONG
Chia 16p thanh céc nhom, mdi nhom tir 4 dén 8 hoc sinh.

Nhom truong phan cong cac thanh vién trong nhom thye hién cong viéc theo céc hoat dong sau:

HOAT PONG 1. Sir dung mdy tinh cim tay dé tinh gin diing .[_51(x3 —-3x)dx

Sau khi md may, an phim dé chon phép toan tich phan xac dinh.
Nhap ham sb va hai can tich phan bang cach n lién tiép cac phim sau:

[Aew  [dx)EBeEREkE M@ B®EE

s3




Ta duoc f] (¥ —3x)dx = 120 (Hinh 2).

L’Ji St dung méy tinh cam tay dé tinh gan ding Ljo (x* +x* —5x)dx.

HOAT DPONG 2. Sir dung mdy tinh cAm tay dé tinh gin diing

Sau khi mé méy, n phim dé chon phép toan tich phan xac dinh.

Nhap ham s va hai can tich phan bang cach an lién tiép céc phim sau:

B O0EFHO@E OHU@O®EE

Ta duoc _

0 x+1

LJZ St dung may tinh cam tay dé tinh gan diing I

A A 2 < 4
HOAT DONG 3. Sir dung may tinh cam tay deé tinh gan ding L} ]

————dx ~ 1,416481062 (Hinh 3).

Sau khi mé may, 4n phim dé chon phép toan tich phan xac dinh.

Nhap ham so va hai can tich phan bang cach an lién tiép cac phim sau:

By J@EHE 0500 E0EOOE00M

B@®BEE

Ta duoc I

05 x+1

@3 Str dung may tinh cAm tay dé tinh gan dung I

e

4 X —-x-1

dx ~ 1,177585093 (Hinh 4).

. vor @ A
J° (x*-3x) ax
120
Hinh 2
Pl
0 x+1
. fifEJ A
x—-
ﬂx+1dx
1.416481062
Hinh 3
2x+3dx.
x+1
xz—x—ldx
x+1
s #"E-'E] i
x*—x—1
fﬂj x+1 dx
1.177585093
Hinh 4
10 27 +x+7dx.
x+1




Bai 2. Minh hoa va tinh tich phan bang phan mém GeoGebra

MUC PiCH
— Thyc hanh sir dung phan mém GeoGebra dé minh hoa va tinh tich phan xac dinh.
— Xem xét, moé phong cac bai toan tich phan xéac dinh.

— On tap va minh hoa céc khai ni¢m da hoc ve tich phan.

CHUAN B|

— May tinh xach tay c6 cai dat phan mém GeoGebra hoic c6 két ndi Internet.
— May chiéu hodc man hinh ti vi 16n.

— Thuc hanh trong phong may néu cac trudng co diéu kién.

— Séch giao khoa Toan 12, tap hai — b sach Chan tro1 sang tao.

HUGNG DAN CHUC NANG CUA GEOGEBRA

Dé minh hoa tich phan trén phﬁn mém GeoGebra, ta thuc hién cac thao tac trén bon vung sau:
1. Vung chtra cac thanh cong cy;

2. Vung hién thi danh séach cac d6i tuong;

3. Vung lam viéc: chura hinh biéu dién tich phan xac dinh;

4. Ving nhap 1énh: dé nhap cong thiic cac ham sd va biéu thic.

Vi hu = GGl Sl ) - O w
,ung e Hé s Chinhsda Heédn i Cae tiy chon Sl cfing G Cha s Tro glip
cac thanh - i
cong cu | P b el | R P
* R s SECNOR LT | ™ NG B e
® fy =05+ O-
B oa=i@
Vung hién thi
danh sach

céac doi tuong

Vung nhap 1€nh {| snsasen

ar

Hinh 1. Cdc ving lam viéc ctia GeoGebra Classic 5




— Danh sach cu phap 1é€nh tinh nguyén ham va tich phan co ban.

Déi tuong Cu phap 1énh Chuy
A 1a ; A — Phai dinh nghia truéc
Nguyén ham x)dx TichPhan .

s Jr@ O] hai ham s6 /00). 2(0).
J' b F£(x)dx TichPhan(f, a, b) | — CO thé khai béo truéc hai
Tich phan “ tham sb a, b roi dung chudt
b — dé diéu chinh gia trj cua a, b.

[ () -g(dx | TichPhan(f, g a,b)

TO CHU'C HOAT PONG
Chia 16p thanh cac nhom, mdi nhém tir 4 dén 8 hoc sinh.

Nhom truong phan cong cac thanh vién trong nhom thuc hién cong viée theo cac hoat dong sau:
. . h A R 1
HOAT DONG 1. Sir dung phan mém GeoGebra deé tinh gan ding j lzgx"’dx

1. Khoi dong phan mém GeoGebra da cai dat trén may tinh hodc truy cép vao trang web:
https://www.geogebra.org/ dé str dung phién ban online.

2. Céc budc thao tac trén GeoGebra:

— Nhép ham s theo ct phap f:y=(1/3)x"3.

— Nhap tich phan theo cu phap TichPhan(f, 1, 2).

3. Quan sat két qua nhu Hinh 2.

Chuy: Néu di tao cac thanh truot a, b biéu thi gia tri dau va gia tri cudi cua tich phan thi nhap
theo ct phap TichPhan(f, a, b), ro1 dung chudt dé diéu chinh gia tri cac thanh truot cua a, b.

O3 Viraf va s § -
1w Giintese (0 Socoy chon S ooy Skl T giie
-~ o . ] 3 e
S -""..ik'& I1---.-'.:_?. -'::I. M I'I':'E. 3
* i i e sfct s g & T Wi Fam wigs
w F; hF i ;
* a=1
BBz A=
® p=ZAT —_—
b= 244
P [Tt t 4
\
= 2 2 f

i

Hbe B

Hinh 2

\ \ , \ NG)
@1 Str dung phan mém GeoGebra dé minh hoa va tinh gan dung j 22 (x* —3x)dx.

B s



_ 5 5 2 5 -1
HOAT DONG 2. Sir dung phan mém GeoGebra dé tinh gan ding J.:(x—ﬂ —l)dx
x

1. Khéi dong phin mém GeoGebra dd cai dit trén mdy tinh hodc truy cip vao trang web:

https://www.geogebra.org/ dé str dung phién ban online.

2. Céc budc thao tac trén GeoGebra:

— Nhap ham s theo ct phap f:y=(x—1)/(x+1); g:y=1.

— Nhép tich phan theo ct phap TichPhanGittaHaiHamS4(f, g, 1, 3).

Chui y: Néu da tao cac thanh truot a, b biéu thi gia tri dau va gia tri cudi cua tich phan thi
nhap theo ¢t phap TichPhanGitraHaiHamS4(f, g, a, b), roi dung chudt dé diéu chinh gia tri

cac thanh truot cua a, b.

3. Quan sat két qua nhu Hinh 3.

f} Gealietng Classc 5 = (] *
Hise Chinhsia Hidnthi Cactly chon Cdgcdng cy Cilasd Trgrgidp
| PRl P allll o= M
: o ;'""ﬁ It | LY -\"\ e =
» Hidn td dann sdcn ddi tegna™ | = Ving lam vide
B x—1
TS X1 5
® gy=1 : y
®a=1 ! b
® hw3 5 i b=3
¥ c=13 ========——=*—-
3
! ==
| i 1 1 // ] a 2
| 1
Mhdis:inh:

Hinh 3

QZ St dung phan mém GeoGebra dé minh hoa va tinh gan ding I; ( 2x +12 - 2) dx.
\ X —




HOAT DONG 3. Sir dung phz}in mém GeoGebra dé tinh gz"in diang
2 p— a—
[ 2=t -2y ax
o x+1

1. Khoi dong phan mém GeoGebra di cai dat trén may tinh hodc truy cip vao trang web:
https://www.geogebra.org/ dé str dung phién ban online.

2. Céc budc thao tac trén GeoGebra:

— Nhap ham sé theo ¢t phap fiy=(x"2—x—1)/(x+1); gry=x-2.

— Nhép tich phan theo ct phap TichPhanGittaHaiHamS4(f, g, 0, 2).

Chui y: Néu di tao cac thanh truot a, b biéu thi gia tri diu va gia tri cudi cia tich phan thi
nhap theo ct phap TichPhanGitraHaiHamSé4(f, g, a, b), roi dung chudt dé diéu chinh gia tri

cac thanh truot cua a, b.

3. Quan sat két qua nhu Hinh 4.

{} Geilielg Classc 5 == [ A

He s Chinhsie Hign i Cac ks chon LA Goag Cira s T Rl

B I o L0 S Pl e o I N 222

b [hién the dash sach 081 song £ | = Wing lim visc
< 1 ! h -

Nhap nh|

Hinh 4

2
% Str dung phan mém GeoGebra dé minh hoa va tinh gan dung Jj [LH - 2j dx.

x—1



Bai 3. St dung phan mém GeoGebra dé biéu dién hinh hoc
toa do trong khong gian

MUC DiCH
— Thuc hanh sir dung phadn mém GeoGebra dé biéu dién hinh hoc toa do trong khong gian.
— Biéu dién diém, vecto, cac phép toan vecto trong hé truc toa do Oxyz.
— V& dudng thang, mit phang, mit cau trong hé truc toa do Oxyz.
— Xem xét sy thay doi hinh dang khi thay doi cac yéu tb trong phuong trinh cua ching.
— Xem xét, mé phong cac bai toan toa do khong gian.
—On tap va minh hoa cac khai niém cua hinh hoc toa do.
CHUAN BI
— May tinh xach tay c6 cai dit phan mém GeoGebra hodc c6 két ndi Internet.
— May chiéu hodc man hinh ti vi 16n.
— Thuc hanh trong phong may néu cac truong co diéu kién.
— Sach gido khoa Toan 12, tap hai — bg sach Chan troi sang tao.
HUGNG DAN CHUC NANG CUA GEOGEBRA
Dé biéu dién hinh hoc toa do trong khong gian trén GeoGebra ta thyc hi¢n cac thao tac trén
vung sau:
1. Vung chira céc thanh cong cuy;
2. Ving hién thi danh sach cac ddi tuong;
3. Vung hién thi dang 3D: chura cac diém, vecto va mat phfmg trong hé truc toa d§ Oxyz;
4. Ving nhap 1énh: dé nhap toa do cac diém, vecto va mit phang.

Pt Pk o]
Vl‘lng chira cac sy Crn sl Il'i'ull n_'.? Fig AT RO () :::1;5 fr:;l'n- ’
thanh cong cu ] - e e e o (@) AN e
: & s aame e ) oming® | gk agrgan
L& Jﬁ| ey
L
# wglibetint s .
bl - N
9 i '-,I.| §
Vung hién thi | ot l
, : BoA-m L el df |
danh sach < v
doi tuong R
_-"-‘.‘ . ! 'l" : N
- ':' F
- g :
’
Vung nhap 1énh {| s
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— Danh sach ct phéap 1énh biéu dién cac d6i tugng hinh hoc toa d trong khong gian trén

GeoGebra.
Déi tugng Cu phéap 1énh Giai thich
Diém M(x; y; z) M(x.y,z) hay M=(x,y,2)
Ki hiéu vecto khong co
U =(x;y;2) u(x,y,z) hay u=(x,y,z) miii tén &

Vecto

ey Nhap hai diém M va N

= MN u=Vecto(M, N)

trude khi nhap u.

Puong thang di qua diém

Nhép diém va vecto chi

?}III;IH . M(xy; yy; 2p) €O vecto chi DuongThang(M, u) phuong truéc khi vé
. phuong u = (a,; a,; a;) duong thang.
Ax+By+Cz+D=0 Ax+By+Cz+D=0
Mit phing di qua diém ~ i 2
M(x,, y,, z,) va vuong goc | MatPhangVuongGoc(M, d) Nhg}pdler‘nV? du?n gtlllang
D 3 trude khi vé mat phang.
v6i duong thang d.
Mat
phang | Mt phing di qua diém Nhép diém va cip vecto
M(x, ¥y, 2,) va 0 cap vecto MatPhang(M, u, v) chi phuong trude khi vé
chi phuong , v. mat phang.
Mit phang di qua 3 diém Nhap 3 diém 4, B, C
A, B, C. MatPhang(4, B, C) true khi v& mat phang.
Mit cau c6 phuong trinh: (x—a)"2+(x—b)"2+
(x—a)l+(x-by+ (x—c)"2=R"2
(x—c) =R
5t ol s Nhap tm mat ciu va ban
Mt cau | Mt cdu (S) tm 7 ban kinh R. MatCau(l, R Ap tam T \
At cu (S) tam / bidn atCau(l, R) kinh trudc khi vé mat cau.

Mit cau (S) tdm / di qua
diém M.

MatCau(l, M)

Nhap tam mat cau va
diém nam trén mat cau
trude khi v€ mat cau.




TG CHUC HOAT DONG
Chia 16p thanh cac nhom, mdi nhom tir 4 dén 8 hoc sinh.
Nhom trudong phan cong cac thanh vién trong nhom thuce hién cong viée theo cac hoat dong sau:

HOAT DPONG 1. Sir dung phin mém GeoGebra dé biéu dién diém, vecto ¢ toa dd
cho trude

1. Khoi dong phan mém GeoGebra da cai dat trén may tinh hodc truy cip vao trang web:
https://www.geogebra.org/ dé sir dung phién ban online. Chon ché d6 V& dé hoa 3D voi
giao dién 12 mot mat phang nén dé bicu dién diém, vecto (Hinh 2).

T GeoCabre Cleme & jm| “

HE o Cninh slez HERMR Cac ty cnon Sa7 odng cy Che sd Tro gilp

Al POl el b @) £IIN e 4
:

-
AN L v -

GeaGobra Classie

Girapineg
sompkes adapini system
@&  Hinhhgo 1
(e vEUD oA D
[T Trangsning Irong Exned
&

‘_.’,—-‘:}..ﬂl -L_‘ o T
{. L Ll &
" [

Hh#Ap IEnh

Hinh 2

2. Cac budc thao tac trén GeoGebra:
— Nhap toa do diém: A(1;2;0), B(2; 4; 2) vao vung nhap 1énh theo cu phap A(1,2,0); B(2,4,2).

—Nhép vecto u =(1;2;2), n= AB theo cu phap u(1,2,2); n=Vecto(A, B).

3. Quan sat diém, vecto dugc v& trén ving lam viéc (Hinh 3).

Hinh 3

@1 a) Su dung phﬁn mém GeoGebra dé biéu dién cac diém M(-2; —4; -5), N(3; 5; 0),
' P(0; 0; -2).
b) Str dung phan mém GeoGebra dé biéu dién cac vecto v =(-2;—4;-5), d = MN, b = NP.

o1



HOAT PONG 2. Sir dung phan mém GeoGebra dé biéu dién mit phing:
P):6x+3y+2z-6=0
1. Khoi dong phan mém GeoGebra da cai dt trén may tinh hodc truy cap vao trang web:

https://www.geogebra.org/ de sur dung phlen ban online. Chon ché do V& dd hoa 3D voi
giao dién 1a mot mat phang nén dé biéu dién mat phang.

2. Cac budc thao tac trén GeoGebra:
MNhép 1énh: 6x+3y+2z-6=0

Nhép phuong trinh mat phang vao ving nhap 1énh

theo ¢ phap 6x+3y+2z-6=0 (Hinh 4). Hinh 4

3. Quan sat mit phang trén vung lam viéc (Hinh 5).

Hinh 5

4. Sir dung chudt dé xoay hé truc dé c6 cam nhéan 3D trong khong gian Oxyz.

@ Str dung phan mém GeoGebra dé biéu dién cac mat phang (P): 4x+2y=0, (Q): x+y+z=3,
' R): z=

HOAT PONG 3. Sir dung phin mém GeoGebra dé biéu dién dwong thang d:

x=2+t¢
y=312t
z =4t

1. Khoi dong phan mém GeoGebra di cai dit trén mdy tinh hodc truy cip vao trang web:
https://www.geogebra.org/ dé sir dung phién ban online. Chon ché d6 V& dé hoa 3D voi

giao dién 12 mot mit phang nén dé biéu dién duong thang.

2. Cac budc thao tac trén GeoGebra:

xX=2+t
Nhap phuong trinh tham s6 ciia dudng thiang d: { y =3+ 2¢ vao ving nhap 1énh theo ct phép:
z=4¢

A(2,3,0); u(1,2,4); DuongThang(A, u).

—



3. Quan sat dudng thang trén vung lam viéc (Hinh 6).
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Hinh 6

4. Str dung chudt dé xoay hé truc dé c6 cam nhan 3D cua khong gian Oxyz.

x=2+3t
% Str dung phén mém GeoGebra dé biéu dién duong thfmg d:{y=5-t
z=-3+41.

HOAT PONG 4. Sir dung phin mém GeoGebra dé biéu dién mit ciu:
=3+ -5'+@c-4'=4

1. Khoi dong phin mém GeoGebra da cai dat trén mdy tinh hodc truy cip vao trang web:
https://www.geogebra.org/ dé su dung phién ban online. Chon ché do Vé do hoa 3D véi
giao dién 1a mot mit phiang nén dé biéu dién mit cau.
2. Cac budc thao tac: Nhap phuong trinh mit cau (x — 3)> + (y — 5)* + (z — 4)* = 4 vao ving
nhép 1énh theo cu phap: 1(3,5,4); R=2; MatCau(l, R).

3. Quan sat mat cau trén ving lam viéc (Hinh 7).

Hinh 7

4. Str dung chudt dé xoay hé truc dé c6 cam nhan 3D trong khong gian Oxyz.

@4 Str dung phan mém GeoGebra dé biéu dién mat ciu (S): x> + y* + 22 = 25 va
(S): (x =2+ (@ +3)P>+(z+2)=9.

o3
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BANG GIAI THICH THUAT NGU

Biéu thirc dw6i ddu tich phan
La biéu thirc f(x) dx trong tich phan
b

.[ f(x)dx,con dugc goi 1a vi phan cua

ham s6 F(x), ki hiéu dF (x), trong d6 F(x)
la mét nguyén ham cua f(x). Ta co6

dF (x) = F'(x)dx = f(x) dx.

Cap vecto chi phuwong

Céap vecto chi phuong cia mdt mat
phang la hai vecto khong cung phuong,
c6 gid song song hodc nam trong
mat phang.

Can tich phan

La hai diém dau mat @ va b ciia doan
[a; b] khi ta lay tich phan tir a dén b
cua moQt ham so lién tuc trén doan nay;
a dugc goi la can dudi, b duogc goi la
can trén.

Cong thirc Bayes
Vé6i moi bién ¢b A4 va B, P(4) > 0,

P(B| ) = P(B)P(A|B)
P(B)P(A|B)+ P(B)P(A|B)

Cong thirc nhan xac suat
Cho hai bién c¢6 4 va B,
P(AB) = P(B)P(A|B).
Cong thirc x4c suit toan phan
Cho hai bién c¢6 4 va B,
P(A)= P(B)P(AlB)+P(B)P(AlB).
Ham s6 duéi dau tich phan

b
La ham 6 (x) trong tich phén [ £ (x)dx.

Hinh thang cong

La hinh phiang giéi han boi do thi
ham s0 y = f (x) lién tuc va khong am
trén doan [a; b], truc hoanh va hai
duong thang x = a, x = b.

4 y=f@)

N
N\
N

a
S
=y

(0]

Dién tich cua hinh thang cong nay
bang F(b) — F(a), trong do F(x) la mdt
nguyén ham cua f(x) trén doan [a; b].
Nguyén ham

Cho ham s f(x) xac dinh trén K.
Ham s6 F(x) dugc goi 1a nguyén ham
cua ham so f(x) trén K néu F'(x) = f(x)
v&1 moi x thude K.

Phuong trinh chinh tic ciia duong thing
Phuong trinh chinh tic ctia dudng thang
d di qua diem M (x,; y,; z,) va co vecto
chi phwong d = (a,; a,; a;,) véia,, a,, a,
déu khac 0 1a:

Ay VT 27

d:
2 25 2
Phwrong trinh tham s6 ciia dwdng thang

Phuong trinh tham s cta duong thang
di qua diéfm M(xy; »,; Z,) va nhan
a =(a,; a,; a;) 1am vecto chi phuong la:
xX=Xx,+atl
d:yy=y,tat véit e R.

z=z,+ait



Phuong trinh cua mat cAu tAm I(a; b; ),

ban kinh R

c(x—a)+(y-bl+(z—c)f=R.

o X+ + 2 —2ax—2by —2cz+d =0 véi
PP +E—d>0,R=Na*+b* +c* —d.

Phuong trinh tong quat ciia mit phing

La phuong trinh c6 dang
Ax+By+Cz+ D=0

trong d6 A4, B, C khong dong thoi bang 0.

Tich phan

Tich phan tir ¢ dén b ctia ham s6 f (x)

lién tuc trén doan [a; b], ki hiéu j‘ f(x)dx,

1a hiéu s6 F (b) — F (a), trong d6 F (x) 1a
mdt nguyén ham cua f'(x).

V Vecto chi phwong ciia dwong thiang

La vecto khac 0 co gia song song hodc

trung voi duong thang.

Vecto phap tuyén ciia mit phang

La vecto khac 0 va cé gia vuong goc voi

mit phang.

X Xdc suat co dieu kién

Xéc suat cua bién co B khi bién c0 4 xay
ra dugc goi 1a xac suat cua B vdi diéu kién

A, ki hidu 1a P(B|A).

BANG TRA CUU TU NGU
B N
Biéu thirc dudi dau tich phan 14 Nguyén ham
C P
Cip vecto chi phuong cia mit phing ) Phuong trinh tong qu’ét cua mat phéng
Can du6i 14 Phuong trinh chinh téle cua duong t}qléng
Can trén 14 Phuong trinh tham s6 01‘”13 duong thang
Cong thirc Bayes 79 Phuong trinh ctia mat cau
Cong thirc nhan x4c sut 72 T
Cong thire tinh xéc suét co qiéu kién 72 Tich phan
Cong thire xéc suat toan phan 77

\%

H ’ ’ Vecto chi phuong cua duong thang
Ham s0 dudi dau tich phan 14
Hinh thang cong 13 X ) .
Ho nguyén ham 7 Xéc suat co dicu kién
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63
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Nha xuat ban Gido duc Viét Nam xin trdn trong cam on
cdc tdc gid co tac pham, tw liéu dwoc swr dung, trich dan
trong cuon sdach nay

Chiu trach nhi¢m xuit ban:

Téng Giam dbc HOANG LE BACH

Chiu trach nhi¢ém néi dung:
Téng bién tap PHAM VINH TIEAI . )
Bién tap noi dung: TRAN THANH HA — NGUYEN THI PHUGC THQ
DANG THI THUY

Bién tap mi thuat: BUI XUAN DUONG
Thiét ké sach: BUI XUAN DUONG
Trinh bay bia: TONG THANH THAO — DPANG NGOC HA
Minh hoa: NGOC KHANG — XUAN DUONG
Stra ban in: TRAN THANH HA — NGUYEN THI PHUOC THO

DANG THI THUY — HOANG THI THU DUNG
Ché ban: CONG TY CO PHAN DICH VU XUAT BAN GIAO DUC GIA BINH

Ban quyén thuc Nha xuit ban Giso duc Viét Nam.

Tat ca cdc phan ciia ndi dung cuon sdach nay déu khéng dwoc sao chép, lwu tri,
chuyén thé duwéi bat ki hinh thirc ndo khi chwea ¢é sw cho phép bang van ban cia
Nha xudt ban Gido duc Viét Nam.

L

TOAN 12- T[\P HAI (CHAN TROI SANG TAO)
Ma sb:

S6 QPXB.......... ngay .... thang.... nam 20 ...
In xong va ndp luu chiéu thang ....nam 20....
Ma s6 ISBN: Tap mot:

Tap hai:
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